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Abstract
We illustrate the use of spreadsheet modeling and Excel Solver in solving linear and
nonlinear programming problems in an introductory Operations Research course. This is
especially useful for interdisciplinary courses involving optimization problems. We work
through examples from different areas such as manufacturing, transportation, financial
planning, and scheduling to demonstrate the use of Solver.

Introduction

Optimization problems are real world problems we encounter in many areas such as
mathematics, engineering, science, business and economics. In these problems, we find
the optimal, or most efficient, way of using limited resources to achieve the objective of
the situation. This may be maximizing the profit, minimizing the cost, minimizing the
total distance travelled or minimizing the total time to complete a project. For the given
problem, we formulate a mathematical description called a mathematical model to
represent the situation. The model consists of following components:

e Decision variables: The decisions of the problem are represented using symbols
such as Xy, Xy, X3,.....X,. These variables represent unknown quantities (number
of items to produce, amounts of money to invest in and so on).

e Objective function: The objective of the problem is expressed as a mathematical
expression in decision variables. The objective may be maximizing the profit,
minimizing the cost, distance, time, etc.,

e Constraints: The limitations or requirements of the problem are expressed as
inequalities or equations in decision variables.

If the model consists of a linear objective function and linear constraints in decision
variables, it is called a linear programming model. A nonlinear programming model
consists of a nonlinear objective function and nonlinear constraints. Linear programming
is a technique used to solve models with linear objective function and linear constraints.
The Simplex Algorithm developed by Dantzig (1963) is used to solve linear programming
problems. This technique can be used to solve problems in two or higher dimensions.

42



In this paper we show how to use spreadsheet modeling and Excel Solver for solving
linear and nonlinear programming problems.

Spreadsheet Modeling and Excel Solver

A mathematical model implemented in a spreadsheet is called a spreadsheet model.
Major spreadsheet packages come with a built-in optimization tool called Solver. Now
we demonstrate how to use Excel spreadsheet modeling and Solver to find the optimal
solution of optimization problems.

If the model has two variables, the graphical method can be used to solve the model.
Very few real world problems involve only two variables. For problems with more than
two variables, we need to use complex techniques and tedious calculations to find the
optimal solution. The spreadsheet and solver approach makes solving optimization
problems a fairly simple task and it is more useful for students who do not have strong
mathematics background.

The first step is to organize the spreadsheet to represent the model. We use separate
cells to represent decision variables, create a formula in a cell to represent the objective
function and create a formula in a cell for each constraint left hand side. Once the
model is implemented in a spreadsheet, next step is to use the Solver to find the
solution. In the Solver, we need to identify the locations (cells) of objective function,
decision variables, nature of the objective function (maximize/minimize) and
constraints.

Example One (Linear model): Investment Problem

Our first example illustrates how to allocate money to different bonds to maximize the
total return (Ragsdale 2011, p. 121).

A trust office at the Blacksburg National Bank needs to determine how to invest
$100,000 in following collection of bonds to maximize the annual return.

Bond Annual Maturity Risk Tax-Free
Return
A 9.5% Long High Yes
B 8.0% Short Low Yes
C 9.0% Long Low No
D 9.0% Long High Yes
E 9.0% Short High No

The officer wants to invest at least 50% of the money in short term issues and no more
than 50% in high-risk issues. At least 30% of the funds should go in tax-free investments,
and at least 40% of the total return should be tax free.

Creating the Linear Programming model to represent the problem:

Decision variables are the amounts of money should be invested in each bond.
X1 = Amount of money to invest in Bond A
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X, = Amount of money to invest in Bond B
X3 = Amount of money to invest in Bond C
X4 = Amount of money to invest in Bond D
Xs = Amount of money to invest in Bond E

Objective Function:
Objective is to maximize the total annual return.
Maximize f(Xq, Xz, X3, Xa, X5) = 9.5%X1 + 8%X, + 9%X3 + 9%X,4 + 9%Xs

Constraints:

Total investment:

X1+ X5+ X3+ X4+ X5 =100,000.

At least 50% of the money goes to short term issues:

X, + X5 >=50,000.

No more than 50% of the money should go to high risk issues:

X1+ Xz + X5 <=50,000.

At least 30% of the money should go to tax free investments:

X1 + X5 + X4 >=30,000.

At least 40% of the total annual return should be tax free:

9.5%X1 + 8%X, + 9%X; >= 40%(9.5%X; + 8%X; + 9%X3 + 9%X4 + 9%Xs)
Nonnegativity constraints (all the variables should be nonnegative):
X1, X5, X3, X4, X5 >=0.

Complete linear programming model:
Max: .095X; + .08X; + .09X5 +.09X4 + .09Xs

Subject to:

X1+ Xy + X3+ X5+ X5 =100,000.

X5 + X5 >=50,000.

X1+ Xz + X5 <=50,000.

X1+ X3 + X4 >=30,000.

9.5%X1 + 8%X; + 9%Xs >= 40%(9.5%X1 + 8%X, + 9%X3 + 9%X4 + 9%Xs)
Xl, Xz, X3, X4, X5 >=0.

Spreadsheet model and Solver implementation:

Implementing the problem in an Excel spreadsheet and Solver formulation produces the
following spreadsheet and Solver parameters. The cells B6 through B10 represent the
five decision variables. The cell C13 represents the objective function. The cells B11,
E11, G11, 111, B14, and B15 represent the constraint left hand sides. The nonnegativity
constraint is not implemented in the spreadsheet and it can be implemented in the
Solver. The complete set of constraints, target cell (objective function cell), variable cells
(changing cells) and whether to maximize or minimize the objective function are

identified in the Solver parameters box.
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A B C D E F G H
Blacksburg National Bank
Amount Short Term ? High Risk? Tax-Free?
Bond Invested Return Matuarity (1-yes, 0 -no} Rating (Risk) (1-yes, 0-no) Tax-Free 1-yes, 0-no
A $0 9.50%  Long 0 High 1 Yes 1
B $0 8.00%  Short 1 Low 0 Yes 1
C %0 8.00% Long 0 Low 0 Ho ]
D $0 9.00%  Long 0 High 1 Yes 1
E $0 9.00%  Short 1 High 1 Ho 0
Total Invested: $0 Total: $0 Total: $0 Total $0
Total Available: $100,000 Required $50,000 Required: $50,000 Required =~ $30,000
Total Return = $0 atleast at most atleast
Tax Free Return $0
40% of Total Return $0
Figure 1: Spreadsheet implementation of example one
Solver Parameters rz|
Set Target Cell: Solve
Equal To: &) Max () Min () walue of : 0
BEw Changing Zells;
[$E$a:4E$10 Guess

Subject to the Constrainks:

$E$11 = $E$12
$E514 == $6§15
$EFGEFI0 == 0
$E$11 == $EF12
$af11 <= $GF12
1411 == $I$12

odd

Qpkions

Reset all

Help

Figure 2: Solver implementation of example one
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A B
Amount
Bond Invested
A $20,339
B $20,339
C $29,661
D $0
E $29,661
Total Invested: $100,000

Total Available: $100,000

C D E F G
Blacksburg National Bank
Short Term ? High Risk?
Return Matuarity {1-yes, 0-no) Rating (Risk) ({1 -yes, 0 -no)
950%  Long 0 High 1
8.00%  Short 1 Low 0
9.00%  Long 0 Low 0
9.00% Long 0 High 1
9.00%  Short 1 High 1
Total: 50,000 Total: $30,000
Required  $50,000 Required: $50,000
atleast at most

Total Return $8,398

Tax Free Return $3,559
40% of Total Return ~~ $3,559

Figure 3: Spreadsheet with optimal solution of example one
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Optimal money allocation:

Amount invested in Bond A = X; = $20, 339.
Amount invested in Bond B = X, = $20, 339.
Amount invested in Bond C = X3 = $29, 661.
Amount invested in Bond D = X, = $0.
Amount invested in Bond E = X5 = $29, 661.

The Maximum annual return is $8,898.00

Example Two (Nonlinear model): Network Flow Problem

This example illustrates how to find the optimal path to transport hazardous material (
Ragsdale, 2011, p.367)

Safety Trans is a trucking company that specializes transporting extremely valuable and
extremely hazardous materials. Due to the nature of the business, the company places
great importance on maintaining a clean driving safety record. This not only helps keep
their reputation up but also helps keep their insurance premium down. The company is
also conscious of the fact that when carrying hazardous materials, the environmental
consequences of even a minor accident could be disastrous.

Safety Trans likes to ensure that it selects routes that are least likely to result in an
accident. The company is currently trying to identify the safest routes for carrying a load
of hazardous materials from Los Angeles to Amarillo, Texas. The following network
summarizes the routes under consideration. The numbers on each arc represent the
probability of having an accident on each potential leg of the journey.

Flagstaff Albuquerque

0.006 0.001

Las Vegas
0.001

2
0.003 Amarillo
Los Angeles
0.010 0.006
0.002
» 0.006

0.004

0.003
San Diego 0.010 Lubbock

Tucson
Las Cruces

Figure 4: Network diagram of example two
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The objective is to find the route that minimizes the probability of having an accident, or
equivalently, the route that maximizes the probability of not having an accident.

Creating the mathematical model to represent the problem:
Each decision variable indicates whether or not a particular route is taken (they are
known as binary variables). We will define these variables in following way:

Xij =1, if the route from node i to node j is selected, and Xj; = 0 otherwise.
Let Pij be the probability of having an accident while travelling from node i to node j

(1- Pij is the probability of not having an accident).

Objective function:
Minimize the probability of having an accident or equivalently, maximize the probability
of not having an accident. Note that this objective function is nonlinear.

Maximize f(X12, X13,....) = (1-P12*X12) (1-P13*X13) (1 - P14*X14) (1 - P24*X24) .......... (1 -
P9.10%X9,10)

Constraints:

We use the following strategy to construct constraints: That is, supply one unit at the
starting node and demand one unit at the ending node, and for every other node,
demand or supply is zero. We find the route in which the one unit travels.

Total supply = 1, and total demand = 1, so for each node,

Net flow (Inflow — Outflow) = demand or supply for that node (Balance of flow rule).
Then we have following set of constraints:

Node 1: - X2 —X13—Xyy =-1

Node 2: +X15— X=X = 0

Node 3: + X13—X34—X35 =0

Node 4: + X4 + Xog+ X3g — Xg5—Xg6—Xag =0

Node 5: + X35+ Xa5s —Xs7 =0

Node 6: + Xaog+ Xa5 - Xe7— Xeg =0

Node 7: + Xs7 + Xg7—X78— X710 =0

Node 8: + Xag + Xgg + X738 —Xg10 =0

Node 9: + X79 —Xog10=0

Node 10: + X710+ Xg10+ X910 =1

Complete nonlinear Programming model:
Maximize: (1-P12*X12) (1-P13*X13) (1 - P14*X14) (1 - P24*X24) .......... (1-P9.10*X9,10)

Subject to:

-X12—=X13— X2 =-1
+X12—X5—=X6 = 0
+X13—X33—X35 =0
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+Xia + X+ X3s — Xas —Xag—Xag =0
+ X35+ Xa5—X57 =0

+ X26 + Xa6 - X67— Xeg =0

+ Xs57 + Xe7 — X78 = X7,00=0

+Xa8 +Xeg + X738 —Xg10=0

+X79 =X910=0

+ X710+ Xg 10+ X910 =1

All X;; are binary.

Spreadsheet model and Solver implementation:

L} ] £ a E E L1 H | |

2 Safety Trans Company
4 Sabwet Raurbe? Prebakdity o Prebabiity af Met Flaw =
5 sy, gun Fram Te an Aczident Mo Ascidant Hodn Inflaw - Qutfloa
& 0 1Les Angeles 2 Las Vegaa 0.003 1000 1Las Angeles o
T a 1 Las Angeles # &an Diege 0,004 1.000 3 Lax Vagas a
& 9 1 Los Angeles 4 Phaenis o.ooz 1000 3 San Déega <]
3 8 1 lasVegas A Phaani 0,010 i.000 A Fhoenix a
1] 0 2 Lad Vegas 6 Flagstaff 0.008 L.0oo 5 Tweson a
11 8 ¥ San Diego A Phannis 0.002 1,000 & Pagstaff 0
bd a 3 Sam Désga 5 Tuesan o.o10 1.000 T Las Cruces a
13 8 i Phownix 5 Tuceon 0,002 1.000 E Albuguargu a
4 0 4 FPhesnix B Flagstaff 0.006 L.ooo 3 Lubbeck Q
15 8 4 Phoenls i Albuquarqes o008 1000 10 Amarilia Q
th 0 3 Tistied 7 Las Crisas 0.003 1.000
1) 8 & Magrtaff 7 bas Crusar o.oi0 1000
1y 0 & Flagstadl B Alhisguesrg e 0.001 1.000
a ] a T Las Crucas 0 flhequeragee 0,004 1.000
m 0 7 LadCruces 9 Lublack 0.003 woe [ ]
11 @ 7 LasCruces 10 Amarills ] i.000
-] 0 B Albugusrgue 10 Asmarille 000l 1.000
3 0 % Lubbeck 10 fmarills 0.008 1.000
2 Prabability of saks 1rip Loog

Figure 5: Spreadsheet implementation of example Two

Supply= 1

Demrand &1
=l
a

- - BB -

Solver Parameters E]

E

Set Target Cells

Salve

() Max () Malue of :

Close

Subject ko the Conskraints:

Equal Ta: ) Min o _I
B Chanaging Cells:
| $a4e: 50423 Guess

Options

+afa: 40423 = hinary
$1465: 42415 = $Kfo:drE1S

Add

Reset all

Help

Figure 6: Solver implementation of example two
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Salety Trans Company

1 Salect Boute? Frabability o Praobability of Feat Flow B Supplyn -1

3 1=y, D= Frem Ta s Begdant Ma Aecident Made Idlesas « CuitBaw Desnand =1

1 0 1 Losfngales i Lax Vepos .00 100 1 Low dingnles -1 -1

7 0 1lesfngeles 3'San Disga Q.o0g 100 2 Lo Vegaa 0 Q
1 1 lesfingeles i Fhoenix .50 -E . ] § %an Dinge o -]

- o 2 Las Veged 4 Phesnix Q10 1000 4 Phaani o [}

10 0 I las Vegas & Magrtaff 0008 1000 5 Tucron o <]

11 o 3 Zan Digge 4 Pheenin ooz 1000 £ Flagstal 1] a

12 0 §%an Dinge % Twsson Q810 100 7 Las Crugnn 1 Q

13 1] 4 Pheaanin B Tuwesen 0002 1000 B Albuguengu 1] a

14 1 a4 Phaani & Pagrtaff K- B 9 lubbodk o a

15 o q Phagnis £ Albugueregue ale ] 1000 10 Asarille 1 1

18 0 8 Tucran T Loz Cruces [Xani ] 1500

17 0 & Flagstal 7 Lis Cruees [<Rehly] 1ioca

19 1 & Vageaff § Albuguargue 0001 =k ]

BL| 0 7 lasCruces & Albuguergue 00 1000
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s | o 9 LishEack 10 Al Q005 1000
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Figure 7: Spreadsheet with optimal solution of example two

The optimal path:
The route that minimizes the probability of having an accident is given below:

Los Angeles to Phoenix
Phoenix to Flagstaff
Flagstaff to Albuquerque
Albuquerque to Amarillo.

Conclusion:

Optimization problems in many fields can be modeled and solved using Excel Solver. It
does not require knowledge of complex mathematical concepts behind the solution
algorithms. This way is particularly helpful for students who are non math majors and
still want to take theses courses.
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