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Figure 1 The Eerie Golf Course (Created Using Carrara)

Introduction:

A small subset of the linear algebra concepts that computer graphics can illustrate are:
rotations, skewing, scaling, rotation matrices and quaternions, Bezier curves, reflections,
dot and cross products, projections, and vector fields. Computer graphics can illustrate
mathematical concepts from precalculus to graduate level courses.

In this paper we will illustrate some of the above concepts using two games. The first is a
simple golf game. The second is from a children’s game where, when the screen prompts
the name of a given country, the player has to click on the corresponding animated flag
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(which then disappear). The flags rotate in R’ and enlarge as they appear to approach the
screen.

Figure 2 A Simple Flag Recognition Game (Created using Flash)

Translations and rotations are effected using the matrix

r o hy Ry Az (1)

where

c+{l-cw  (l-onn +sn, (l-onnm —n,
R(@)=|(-cnn, —sn c+(l—em,  (l-cnp +sn )

(l-cymn +sn, (1-c)nn —sn c+(l-co’

@ is the angle of rotation (right-handed system) about the unit vector n=<71_, n,n=

and c=cos( &) and s=sin( ).
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Scaling and shearing matrices are also used to make the animations of the flags more
realistic as they move towards the screen.

Another application of shearing matrices is that of creating an animated flag using
shearing matrices as shown below. The flag is broken into rectangular pieces which are

animated by using shearing.

S&Ro e @il

Lo TR | T I EE00,
=

o DWre Cacs Cagore Mok Eairg
T osamrEr 0 O

AveRude - X
Frog itweal 2

e
cyiimy

1
1
1
1 cyemy
3

ot Delgn® %

Figure 3 Creating a Flag (Created with SwishMax)

Figure 4 Skewed Rectangles (Created with SwishMax)

Rotating the individual pixels by an angle of 45 degrees creates a non 1-1 mapping
between the original pixel grid and the new pixel grid-as illustrated below:
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Figure 5 Rotations are not 1-1
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Figure 6 Showing Rotations are not 1-1

Such non 1-1 problems can be fixed by making passes over the rotated image and filling
in missing pixels with the average of neighboring pixels.

Rotation matrices can also be used with Bezier curves to defined props such as golf tees.
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Figure 7 Creating a golf tee using rotations and Bezier curves (Swift 3d)
Rotations via Quaternions:

To rotate objects along paths and changing axes in R’ and to create cameras one can
using quaternions and spherical linear interpolation. Quaternions are defined as follows:

Define q=qo+iq+jq2tkqs=qo+q where

Pttt
ij=k=-ji
jk=i=-kj 3)
ki=j=-ik

Quaternion multiplication:
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where
q=qo+iq1t]q2+kqs=qo+q

pP=potipi+ipa+tkps=po+p

PqQ=Podo-q ® PtPeqtdopTPxq
Given pure quaternions:
q=iqitjq2tkqs=q
p=ipitjp2tkps=p
pq=-peqtpxq

Rotations via Quaternions:[1], [2]

Given a unit quaternion
0 . 0
cos(—) + usin(—)
2 2

Where # in a unit vector in R’
Defining

q"'=qo-iqi-jq2-kq3=qo-q

and where V € R is represented as a pure quaternion (0+v)
Then

avq’
is a right-handed rotation of v by an angle of 0

about the vector q.

Quaternion Math
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Given quaternions p, ¢, and r:

v q=(qu+q)(0+v)(qu+q)=

0+(q-v)q+4q:;9+4,(gxv)—¢q,(vxq)
=(2q; -1)v+2q-v+2q.(gxv) ©

To perform a sequence of rotations:

r,(rvr ) = (v ') = (nr)v(nn)” (10)

To illustrate quaternion rotation one can construct a simple cube-computer graphics
version of “Hello World.” A simple cube is constructed using

e 8 points and
e 12 connectors (for the wireframe version)

Figure 8- A Simple Cube (Constructed in Flash)

Spherical Linear Interpolation:
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Figure 9-Sperical Linear Interpolation

sin((1—¢)w) N sin(fw)

- 5 - ; (11)
sin(w) sin(w)

slerp(q,,q,,1) =

e Choose the signs of qg and q; such that qo'q;>0 to get the shortest rotational arc
from qp and q;.[1]
e Ifsin(w)= 0 we could have numerical problems-can use simple linear

interpolation.[1]

Back-Face Culling:

As at most three faces of a cube are visible to the computer screen at one time one can use back-
face culling to decide whether to draw the given face on the screen. This is illustrated as

follows:
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Figure 10-Back-Face Culling Using Dot Products and Normal Vectors
On a given face:

e Take three vertices-counterclockwise
e (Create the normal vector

if (eye - surface normal =0)

{render the face;}
else
{do not render the face;}

Creating a Camera:

e Define a center point for the scene

e Rotate camera about this center point

e Translate objects about this center point
e Rotate objects in the opposite direction
e Translate back to the original location
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Compute TRT™ and translate into a rotation via a quaternion and a corresponding
translation.

Other important topics I do not have room here to discuss are:

1. Projections-Mapping 3D objects onto a 2D screen and mapping textures and
reflections onto surfaces.

2. Shadows-Created via various types of lights in combinations with maps.

3. Symmetry-Using symmetry often cuts down on production time taking into
account the various symmetries of the models being created.

4. Interpolation-Animations are (generally) created by interpolating the various
positional, rotational, and morphing aspects of objects at key frames.

5. Particles-Creating smokes, fog, clouds, and water effects.

Conclusions:

Using computer graphics it is possible to illustrate many applications of mathematics.
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