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[. Introduction
A. Historical background

The solution of the cubic and quartic equations is importanthe history of
mathematics for several reasons. First, it was itBe rhajor advance by modern man
since the time of the ancient Greeks. It was thé ritathematical formula unknown to
the ancients. Second, it forced mathematicians to lakle complex numbers and
negative numbers seriously. And, more importantly,dtttethe study of the theory of
equations, culminating in the nineteenth century in the prbthfeoinsolvability of the
quintic.

There are a number of key figures in the triumph ofdhleic and quartic formulas.
Omar Khayyam (1048-1123) used intersections of conics to geemetric
constructions of roots of cubics. Leonardo of Pisa (Fiboipgc1180-1245) had an
approximation formula for certain forms of the cubibodt 1515, Scipione del Ferro
(d1526) discovered a method for finding the roots of severalsfathe cubic and
shared these secrets with some of his students. Antonieldviaone of these students,
challenged mathematicians, in 1535, to a problem-solving ¢antedving the cubic.
Niccolo Fontana (Tartaglia, 'the stammerer) (c1500-156%vered the call and
found the general solution. Giralamo Cardano (1501-1576), publidfedsecret
formula in his treatisé\rs Magna (The Great Art, or The Rules of Algebra), in 1535,
with due credit to Tartaglia.

The quartic formula was discovered by Lodovici Ferrd522-1565) in 1540. A
similar formula was found by Rene Descartes (1596-1650) aroarghthe time.

For hundreds of years, mathematicians sought some geatoa of the classical
formulas that would give the roots of any polynomial. Fynd. Ruffini (1765-1822),
in 1799, and Niels Henrik Abel (1802-1829), in 1824, proved that no swotula



exists for the general quintic. Evariste Galois (1811-183% alale to determine
precisely those polynomials whose roots can be found (arshy doing, founded the
theory of groups).

B. The quadratic equation

The solution of the quadratic equaticgx? +bx+c=0 is familiar to every student of

intermediate algebra:
—b+/b?-4ac

X% = 24

with the discriminantA = {+, two real roots; -, two complex roots; 0, one doublety

and with the properties: __b; .
R

Il. Solution to the Cubic

The solution to the cubicax3+bx2+cx+d=0 will be patterned after the quadratic
formula. Assume: a=1. The discriminantA :()(1_)(2)2()(1_)(3)2()(2_)(3)2 = {+, three real

roots; -, two complex roots; 0, multiple roots}.

Step 1. Letxzy_g —  y3+py+g=0 (reduced equation). Then
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Step2.let\_,_ P = (sp.  (3) [P)_ = p=_d, [P0
Y 3z (2)2 q(z) 3 0 2 V9 4

Choose: 21222_2’ then: y,=2,+2, y2:a21+a222 y3:aJZZl+a;ZZ

w:}_,_i@ complex cube root of unity, with identitiea:3 =1; 1+« +a?=0.
2 2
=Y Y, Y, =00 vy, FY Yty =R Y, Y, Y, =0 = A=-4p3 =270,

Case 1. A=0

-, =34
2=2,=3 5
y1:Zl+22:,/—4q; yzzazl_szzzz(_l)zl:%/g; y3:y2.
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Case 2. A<O. —3_9, pj +(qj
P (3 2

¥,=2+2, yz,ygzg(zﬁzz)ilz(zl—zz)\/é

Case 3. A>0. = p<0. Reduced equationy® + py+q=0=
Let y=2 /—Bz and using the identity;os39 = 4co$6-3coD,
3 ]

= 4z28-3z=k z=c0%0, k= _[q}[_?’}m_

2\ P

[ll.  Solution to the Quartic x4 +bx3+cx2+dx+e=0.

A. Ferrari
Letx:y‘lj1 = y*+py?+ay+r=0, or y=—py?-qy-r.

Add: y2z+Z 1o both sides:
(1%) 2 2\ =(my+k)’; m, k to be determined.
[y%é} :(z— p)yz—qy+ %—r (my )

=y = 4{my+k)
In (*1), RHS is quadratic irfylt is a perfect square if discriminant is zemo, i

q2—4(z— p{i—rjzo’ or (2 - p22—4rz+(4pr _qz): 0,

called theesol vent cubic.

Ex. 1. y4+3y2-2y+3=0. (*2) becomes:
73-372-12z+32=0, Which has root: z = 4. Thus(y2 + 2) =y*+2y+1= (y+1)2
y2+2:+(y+1) — y:;iié

N
[y
[E

2
y2+2=—(y+1 = :1_'7-
(v+1) y= i



B. Descartes: reduced quartic
y*+py? +ay+r =0.

Factor: (*3) (y2+ky+me2—ky+n): y4+(m+n—k2)y2 +(kn—km)y+ mn
= m+n-k2=pm+n=p+k? k(n-m)=q MN=r
=  2n=p+k2+q/k 2m=p+k2-q/k

i U] U I A AU A
k k

Any root of (*4) gives a factorization (*3).

EX. 2. y4-3y2+6y-2=0 = (k2)3—6(k2)2 +17k2-36=0 Withroot k2=4. Thus:
y4-3y2+6y-2=(y*+2y-1|y>+2y+2)

Oy, =-1+J2;  y,=-1-42; y,=1+i:  y,=1-i.
IV. Examples
Ex. 1. x3+7x2+11x+5=0
3
b=7,c=11d =5 = p=c- b® 216, 4=d- bc_ 2b°_128
3 3’ 3 271 27

=  A=-4p3-2792=0 =  multiple roots:
/ b = —x =—
y1:3_4q:_9 y2:y3:?\>/a:4 Ox=y-— X = 5 X, =Xy = 1

3 2 3 3
EXx. 2. x3-6x-9=0
X=y = p=-6,=-9 = A=-132¢ =  two complex roots

0x=2+2,=3 x,x, :;(zl+zz)ii2(zl—zz)f =;(—3ti\/§)

Ex.3.  2x3-5x2-x+6=0
:>X3_§X2_1X+3:0 = b:—;r)’cz—l’d =3 — p:—g"qzﬂ
2 2 12 54

= A= 228 —  three real roots
16



3/2 2n7T
6="1cost (—q} _31 2089102 Y, =2, Pe {6’+]
3 2\ p 3 3

2
Ex. 4. Curio): x3+x2-2=0
—b=1c=0d=-2 = p:C_bj:_;q_d bc, 20° _ 52
3 3 3 21 27
A:—4p3—27q2:—22—172
2122_3—(211\/ﬁ:1m;y1 Z+2 (\/261-15\@+\/26—15f]

Ox=y- 5 (\/26+15\@ +§/26—15f —1]
=6(\/ 26+15V3+3/26-15/3 +2jii‘(/§(§/26+15\/§ —%/26—15\/§j

But the original equation has the root: x = 1.

j(i/26+15\/§+§/26—15\/§):4 and (%/26+15\/§—§/26—15\/§j:2\/§'

V. Conclusion

Any polynomial equation of degree 4, with real coefficients, is solvable by radicals
or complex numbers. When the solution is impractiwal use other means, like the
Rational Root Theorem, Descartes’ Rules of Signgpmroximation methods, like
Newton's approximation method.
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