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I ntrodu c tion 
 
S ystem atic  m eth ods th at assign m eaning to q u antity ex p ressions in w ord p rob l em s c an 
signific antl y im p ac t stu dents’  ab i l ities to form u l ate m ath em atic al  m odel s and c al c u l ate 
sol u tions.   Unfortu natel y, am b igu ity and c onfu sion ex ists in c u rrent l iteratu re p rim aril y 
b ec au se of th e ab senc e of p rec ise definitions and system atic  m eth ods th at form al l y assign 
m eaning to q u antities in q u antitative p rob l em s.   F or ex am p l e, does “ 3  =  1 ” ?    D o “ 3  feet 
=  1  yard” ?   D o “ 3  feet of b oard =  1  yard of yarn” ?   C an w e add 2  feet and 3  p ou nds?   C an 
w e add 4  ap p l es and 5  oranges?   W h at do w e m ean w h en w e define a variab l e u sing an 
eq u ation su c h  as “ x  =  l ength ” ?  
 
T h is am b igu ity al so l eads to c onfl ic ting p resentations of som e el em entary c onc ep ts 
tau gh t in m ath em atic s.   F or ex am p l e, c onsider th e definition of “ ratio”  from  tw o typ ic a l  
h igh  sc h ool  tex tb ook s.   O n p age 1 9 0  of th e tex tb ook  A l geb ra-C onc ep ts and A p p l i c ations 
p u b l ish ed b y G l enc oe/ M c G raw  H i l l  th e au th ors state th at “ a rate is a ratio of tw o 
m easu rem ents h aving different u nits of m easu re. ”    B u t, on p age 1 0 9  of th e tex t b ook  
A l geb ra 1 -A n I ntegrated A p p roac h  p u b l ish ed b y H eath / H ou gh ton M iffl in th e au th ors 
state th at “ a ratio c om p ares tw o q u antities m easu red in th e sam e u nits” .   T h e u se of th ese 
ex am p l es sh ou l d not b e interp reted negativel y on th ese ex c el l ent au th ors;  instead, it 
refl ec ts th e c u rrent state of th e art.    
 
S u c h  issu es oc c u r b ec au se c u rrent l iteratu re does not c arefu l l y define and c om b ine th e 
c onc ep ts of u nits and dim ensions into p rec ise m eanings assoc iated w ith  q u antities in 
q u antitative p rob l em s.   A s an il l u stration, after th e ratio definition on p age 1 0 9 , th e H eath  
tex tb ook  gives th e fol l ow ing il l u stration:  “ w in-l oss ration =  gam es w on /  gam es l ost =  1 0  
gam es /  6  gam es =  5  /  3 ” .   Notic e h ow  th is typ ic al  ex am p l e i l l u strates th e w idel y ac c ep ted 
vagu e m ix ing of q u antities and inform ation ab ou t th ose q u antities.   W h at is th e p rec ise 
m ath em atic al  m eaning of su c h  ex p ressions and eq u ations?  
 
A l so on p age 1 9 0 , th e G l enc oe tex tb ook  defines “ dim ensional  anal ysis”  as “ th e p roc ess 
of c arrying u nits th rou gh ou t th e c om p u tation. ”    O th er tex tb ook s refer to th is p roc ess as 
“ fac toring anal ysis” , “ u nits anal ysis” , etc .   B u t, th is w idel y u sed p rac tic e of c anc el ing 
u nits is stil l  i m p l em ented in a vagu e m anner p rim aril y as l ab el s on th e q u antities.    



Fu r t h e r m o r e ,  e s p e c i a l l y  i n  t h e  p h y s i c a l  s c i e n c e s ,  t h e  p h r a s e  “ d i m e n s i o n a l  a n a l y s i s ”  r e f e r s  
t o  a  c o m p l e t e l y  d i f f e r e n t  p r o c e s s  i n  w h i c h  t h e  q u a n t i t i e s  a r e  r e p l a c e d  b y  b a s e  d i m e n s i o n  
s y m b o l s  ( n o t  t h e  s a m e  a s  “ u n i t s ” )  a n d  t h e n  a l g e b r a i c a l l y  s i m p l i f i e d  t o  r e d u c e  t h e  n u m b e r  
o f  i n d e p e n d e n t  d i m e n s i o n s  o r  v e r i f y  t h e  v a l i d i t y  o f  r e l a t i o n s h i p s .   S o m e  a u t h o r s  ( l i k e  
N a d d o r ,  V i g n a u x )  h a v e  u s e d  b r a c k e t s  t o  i n d i c a t e  d i m e n s i o n a l  i n f o r m a t i o n  a s s o c i a t e d  
w i t h  q u a n t i t i e s ,  u s i n g  e x p r e s s i o n s  s u c h  a s  “ F [ M L / S 2 ] ”  t o  i n d i c a t e  t h a t  t h e  q u a n t i t y  
“ f o r c e ”  h a s  a  d i m e n s i o n a l  e x p r e s s i o n  o f  m a s s  t i m e s  l e n g t h  d i v i d e d  b y  s e c o n d s  s q u a r e d .   
T h e  b r a c k e t e d  e x p r e s s i o n  i s  u s e d  a s  a  p a r e n t h e t i c a l  l a b e l  i n d i c a t i n g  t h a t  t h e  d i m e n s i o n  
e x p r e s s i o n  c a n  r e p l a c e  t h e  F i n  a  f o r m u l a  s u c h  a s  “ F= m a ”  t o  v e r i f y  a n d  m a n i p u l a t e  
d i m e n s i o n a l  s t r u c t u r e .   N a d d o r  u s e d  s y m b o l s  s u c h  a s  “ $ ”  a n d  “ Q ”  t o  r e p r e s e n t  c o s t  a n d  
q u a n t i t y  d i m e n s i o n s .  
 
T h e  f o r m a l  n o t a t i o n a l  s t r u c t u r e  p r o p o s e d  b y  N a t i o n a l  I n s t i t u t e  o f  S t a n d a r d s  a n d  
T e c h n o l o g y  ( N I S T )  i n  t h e  G u i d e  f o r  t h e  U s e  o f  t h e  I n t e r n a t i o n a l  S y s t e m  o f  U n i t s  ( S I )  
f a l l s  s h o r t  o f   b e i n g  c o m p r e h e n s i v e  a s  i t  s u g g e s t s  t h e  f o l l o w i n g  u s e  o f  n o t a t i o n  f o r  
e x p r e s s i n g  t h e  v a l u e s  o f  q u a n t i t i e s :    
 

“ t h e  v a l u e  o f  q u a n t i t y  A  c a n  b e  w r i t t e n  a s  A  =  { A }  [ A ] ,  w h e r e  { A }  i s  t h e  
n u m e r i c a l  v a l u e  o f  A  w h e n  t h e  v a l u e  o f  A  i s  e x p r e s s e d  i n  t h e  u n i t  [ A ] .   T h e  
n u m e r i c a l  v a l u e  c a n  t h e r e f o r e  b e  w r i t t e n  a s  { A }  =  A  /  [ A ] ,  w h i c h  i s  a  c o n v e n i e n t  
f o r m  f o r  u s e  i n  f i g u r e s  a n d  t a b l e s .   T h u s  t o  e l i m i n a t e  t h e  p o s s i b i l i t y  o f  
m i s u n d e r s t a n d i n g ,  a n  a x i s  o f  a  g r a p h  o r  t h e  h e a d i n g  o f  a  c o l u m n  o f  a  t a b l e  c a n  b e  
l a b e l e d  “ t / ˚ C ”  i n s t e a d  o f  “ t ( ˚ C ) ”  o r  “ T e m p e r a t u r e  ( ˚ C ) ” .   S i m i l a r l y ,  a n  a x i s  o r  
c o l u m n  h e a d i n g  c a n  b e  l a b e l e d  “ E / ( V / m ) ”  i n s t e a d  o f   “ E ( V / m ) ”  o r  “ E l e c t r i c  f i e l d  
s t r e n g t h  ( V / m ) ”   ( S e c t i o n  7 . 1  o f  t h e  G u i d e )  
 

T h i s  n o t a t i o n  o n l y  c o m b i n e s  t h e  n u m e r i c  v a l u e  o f  a  q u a n t i t y  t o  t h e  s y m b o l  a n d  u n i t ;  i t  
d o e s  n o t  i n v o l v e  t h e  d i m e n s i o n .   I n  f a c t ,  a n y  a t t a c h i n g  o r  m i x i n g  o f  i n f o r m a t i o n  
( i n c l u d i n g  d i m e n s i o n  i n f o r m a t i o n )  w i t h  u n i t s  i s  e x p l i c i t l y  s t a t e d  a s  u n a c c e p t a b l e  ( S e c t i o n  
7 . 4  a n d  7 . 5  o f  t h e  G u i d e ) ,  m o s t  l i k e l y  b e c a u s e  t h e y  f o u n d  n o  c u r r e n t  l i t e r a t u r e  t h a t  
p r o v i d e d  a  c o n s i s t e n t  m e t h o d  o f  d o i n g  t h i s .     
 
I n  s o f t w a r e  a p p l i c a t i o n s ,  u n i t  l a b e l s  a r e  o f t e n  u s e d  i n  s p e c i f i c  c o m p u t a t i o n a l  c o n t e x t s .   
Fo r  e x a m p l e ,  u n i t s  a r e  f r e q u e n t l y  t o  d e t e r m i n e  u n i t  c o n v e r s i o n s .   M o r e  s p e c i f i c a l l y ,  
g r a p h i c a l  d e s i g n  s o f t w a r e  a p p l i c a t i o n s  ( s u c h  a s  A u t o C a d  a n d  T u r b o C A D )  p r o v i d e  
m e t h o d s  t o  i n p u t  l e n g t h  u n i t s  a s s o c i a t e d  w i t h  s p e c i f i c  o b j e c t s  a n d  a l l o w  t h e  u s e r  t o  a p p l y  
u n i t  c o n v e r s i o n s  o v e r  a  c o l l e c t i o n  o f  o b j e c t s .   S u c h  s o f t w a r e  g e n e r a l l y  u s e s  t h e  t e r m  
“ d i m e n s i o n ”  t o  r e f e r  t o  t h e  “ l e n g t h ”  d i m e n s i o n  o f  v a r i o u s  l i n e a r  m e a s u r e m e n t s  o n  a  t w o  
o r  t h r e e -d i m e n s i o n a l  d i a g r a m .   P r o j e c t  m a n a g e m e n t  s o f t w a r e  a p p l i c a t i o n s  ( s u c h  a s  
M i c r o s o f t  P r o j e c t  a n d  P r i m e v e r a )  a n d  s o m e  o f  t h e  g r a p h i c a l  d e s i g n  s o f t w a r e  a p p l i c a t i o n s  
p r o v i d e s  m e t h o d s  t o  a c c e s s  d a t a b a s e s  o f  c o s t  a n d  t i m e  i n f o r m a t i o n  t o  d e t e r m i n e  t o t a l  
c o s t s  a n d  t i m e  c o n s t r a i n t s  o f  c o l l e c t i o n s  o f  o b j e c t s  a n d  e v e n t s .   M a t h e m a t i c s  s o l v i n g ,  
o p t i m i z i n g ,  a n d  g r a p h i n g  s o f t w a r e  ( s u c h  a s  L i v e M a t h ,  M a p l e ,  M a t h C A D ,  M a t h e m a t i c a ,  
M A T L A B ,  O p t i M a x ,  T K  S o l v e r ,  e t c . )  e m p l o y  m e t h o d s  o f  t r a c k i n g  u n i t s  t o  v e r i f y  t h e  
v a l i d i t y  o f  m u l t i p l y i n g  q u a n t i t i e s .   G e o g r a p h i c a l  i n f o r m a t i o n  s y s t e m s  a n d  o t h e r  m a p p i n g  



software support different unit scales.  Modeling and simulation software applications 
( such  as S ansG U I ,  S imC A D  and S imulink ) also prov ide modules for unit conv ersions.  
S pecializ ed calculators ( such  as Measure Master C lassic,  N autiC alc P lus,  P roj ectC alc and 
R eal E state Master) allow th e user to enter specific ty pes of related units ( ev en using 
special k ey s) and prompt th e user with  unit lab els during th e inputting of numeric 
information into preset formulas ( again accessib le b y  special k ey s). 
 
I n all th ese ex amples,  th e user is still req uired to enter th e math ematical ex pressions in 
th e same traditional way  of entering q uantities,  operators,  and math ematical functions.  
U nified Math ematics introduces th e nov el idea of entering th e meaning ( using a formall y  
defined comb ination of units and dimensions) associated with  th e q uantities and th en 
h av ing th e sy stem determine operators and math ematical functions for th e model. 
 
Most tex t and trade b ook s dev oted specifically  to meth ods of solv ing q uantitativ e 
prob lems dev ote th emselv es to “ ty pes”  of prob lems ( rate prob lems,  percent prob lems,  
v olume prob lems,  unit conv ersion prob lems,  etc.).  E v en th e recent patent “ S y stem and 
meth ods for search ing for and deliv ering solutions to specific prob lems and prob lem 
ty pes“  ( U S  P atent N o. 6 , 4 1 3 , 1 0 0 ) finds solutions to word prob lems using th is traditional 
approach .  U nfortunately ,  th ese traditional approach es still remain amb iguous wh en 
dealing with  meaning. 
 
O rientation to U nified Math ematics 
 
U nified Math ematics consists of proprietary  sy stems and meth ods dev eloped b y  
Multispan P roductions,  I nc. th at allow th e meaning of th e q uantities in a q uantitativ e 
prob lem to control th e modeling process;  and as a conseq uence pav e th e way  for a new 
generation of calculator applications wh ere th e user inputs th e meaning of th e prob lem 
and th en th e software application formulates th e model and calculates solutions.  T h is 
allows students to focus on critical th ink ing with  th e meaning of q uantities rath er th an 
getting ov erwh elmed b y  th e mech anical operations and solution processes th at computers 
can easily  prov ide.  I t satisfies th e need for current educational approach es to prov ide a 
compreh ensiv e framework  to formulate math ematics and science prob lems,  so th at 
students will not b ecome unduly  frustrated with  th eir ab ility  to understand th e role th at 
math ematics play s in science.    I ndeed,  U nified Math ematics opens up th e opportunity  to 
h av e a centraliz ed datab ase of meanings th at define commonly  used dimensions used b y  
th is new generation of software applications wh en formulating q uantitativ e prob lems. 
 
B riefly ,  U nified Math ematics attach es meaning b y  generaliz ing th e concept of a 
dimension D  to a property  function of a th ing and q ualifies a unit u with  th e dimension 
th at it measures using th e sy mb olic notation “ [ u~ D ] ” .    T h is q ualified unit “ [ u~ D ] ” is 
th en attach ed to th e q uantity  q  resulting in a unified q uantity  h av ing th e sy mb olic 
notation “ q  [ u~  D ] ” .   B y  b reak ing th e recommended unacceptab ility  of attach ing 
information to units,  th is significantly  ex tends th e N I S T  notation wh ere u corresponds to 
[ A ] ,  q  corresponds to A ,  and D  is attach ed information th at q ualifies th e unit. 
 



The qualified unit [u~D] is not just a label (for quantities, tables, and graphs) as done in 
c urrent literature, but the open brac k et “ [“ , c lose brac k et “ ]”  and tilde “ ~”  (read “ of” ) are 
m athem atic al operators;  and the unit u, the dim ension D, and the qualified unit [u~D]  
bec om e sy m bols that c an partic ipate in algebraic  m anipulations along w ith the quantities 
assoc iated w ith them .   This nov el approac h goes bey ond the loosely  defined “ fac toring”  
or “ substitution”  proc esses used in c urrent literature w here the units partic ipate in sim ple 
c anc ellation or substitution proc esses only .  
 
U nified M athem atic s c aptures the c om plete m eaning of quantities in c ontrast to other 
approac hes suc h as that proposed by  the N ational I nstitute of S tandards and Tec hnology :  
 

U nified M athem atic s N I S T 
π  [m ~c irc um ferenc e]/ [m ~diam eter] π   (dim ensionless) 
c  ([m ~distanc e in v ac uum ]/ [s~tim e])  c  / (m / s) 
t [˚ C  ~ Tem perature]    t/ ˚ C  
E  [V / m  ~ E lec tric  field strength] E / (V / m ) 
   

I ndeed, this nov el c onc ept of unified quantities allow  us to c learly  define the m eaning of  
func tional relationships.   C onsider, for ex am ple, a sim ple annual interest c alc ulation.   
C onsider the usual (am biguous) approac h using financ ial quantities:   “ I  =  P  *  r *  t, w here 
I  is the interest, P  is the princ iple, r is the rate, and t is the tim e. ”   I nstead, the m ethods of 
U nified M athem atic s c onstruc t a unified relationship of unified quantities as follow s:      
“ I  [dol~interest] =  P  [dol~princ iple] *  r ([dol~interest]/ ([dol~princ iple]* [y r~tim e])) *  t 
[y r~tim e]” .   F urtherm ore, this approac h c learly  defines the m eaning of a giv en quantity ;  
for ex am ple, in the abov e unified relationship, the rate is c learly  defined as an annual 
interest rate (not a m onthly  rate, etc . ).    I t is generally  k now n that units determ ine the 
c onstants that appear in relationships, and so unified relationships w ith their partic ular 
c onstants bec om e self doc um enting.  
 
To illustrate how  w e c an m anipulate the brac k ets as sy m bols, c onsider substituting 
“ 1 2 * m onth”  for “ y r”  in the unified quantity   “ t [y r~tim e]”  the m ethods of U nified 
M athem atic s prov ide a sy stem atic  w ay  to algebraic all y  “ pull”  the c onstant 1 2  out of the 
brac k et operator to the front of the unified term  resulting in  “ t [y r~tim e] =  t [1 2 * m onth 
~tim e] =   (1 2  *  t) [y r~tim e]”  w hic h y ields:  “ I  [dol~interest] =  1 2 *  P  [dol~princ iple] *  r 
([dol~interest]/ ([dol~princ iple]* [y r~tim e]))*  t  [m onth~tim e]” .  
 
The sy stem s and m ethods of U nified M athem atic s introduc es rules suc h as the addition 
rule:   “ q1 [u~D1] +  q2 [u~D2]   =   (q1 +  q2) [u~(D1 + D2)]” .   F urtherm ore, these sy stem s and 
m ethods introduc e on a new  unit, designated “ ins”  for “ instanc e”  w ith a c orresponding 
dim ension of  “ oc c urrenc e” .   This new  approac h resolv es the dilem m a of adding apples 
and oranges, sinc e in the addition rule the unit “ ins”  w ould be the c om m on unit in the 
ex pression:  “ 1 0  [ins~A pp] +  2 5  [ins~O ra] =  (1 0 + 2 5 ) [ins~(A pp+ O ra)]” , w here, for 
ex am ple, the sy m bol “ A pp”  abbrev iates the dim ension “ oc c urrenc es of apples”  and w e 
read the phrase “ ins~A pp”  as “ instanc es of oc c urrenc es of apples”  or for brev ity  (but not 
am biguity ), “ instanc es of apples” .   U nified M athem atic s also proposes an ex tension of 



the international system of units (SI) by adding two new base units, the dollar (dol) to 
measure the dimension “ monetary v alue”  of a thing.  T hese new base units allows U nified 
M athematic s to ap p ly to business and statistic s p roblems.  
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