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Introduction.  T h e  C e n t r a l  L i m i t  T h e o r e m  ( C L T )  s a y s  t h e  f o l l o w i n g :  
 

L e t  nXXX ,...,, 21  b e  a  r a n d o m  s a m p l e  d r a w n  f r o m  a n  a r b i t r a r y  
d i s t r i b u t i o n  w i t h  a  f i n i t e  m e a n  µ v a r i a n c e  .

2σ  A s  ∞→n , the sampling 

d istr ib u tio n o f  
n

X
σ

µ−
__

c o nv er ges to  the )1,0(N d istr ib u tio n.  

 
S tu d ents in an intr o d u c to r y  pr o b ab ility  and  statistic s c o u r se ty pic ally  hav e a har d  time 

mak ing sense o f  the C entr al L imit T heo r em.   I  hav e tr ied  a nu mb er  o f  str ategies to  help them 
u nd er stand  this po w er f u l r esu lt.   E ar ly  o n, I  w o u l d  mer ely  state the theo r em, attempt to  shed  
insight into  its b eau ty , and  then d o  a f ew  “ c anned ”  ex amples that r eq u ir ed  the stu d ents to  apply  
the theo r em.   W hat I  f o u nd  is that, w ith pr ac tic e, stu d ents c o u l d  apply  this r esu lt, b u t that they  
f ailed  to  hav e a d eep u nd er stand ing.   F o r  the past tw o  semester s, b ef o r e d isc u ssing ( o r  ev en 
stating)  the C entr al L imit T heo r em, I  ask ed  the stu d ents to  w o r k  in small gr o u ps o n a M initab  lab  
that w as d esigned , so  that w ith any  lu c k , they  w o u l d  d isc o v er  the r esu lt f o r  themselv es.   T he 
stu d ents w er e giv en tw o  d ay s to  w o r k  o n the pr o j ec t and  then ask ed  to  w r ite a o ne to  tw o -page 
paper  su mmar iz ing w hat they  lear ned  f r o m the ex per ienc e.   I  pr o v id e an o v er v iew  o f  this ac tiv ity  
as w ell as highlight the b enef its o f  u sing this appr o ac h to  teac h the C L T .  
 
Background Knowledge.  P r io r  to  this lab , the stu d ents w er e giv en a b r ief  intr o d u c tio n to  
pr o b ab ility , ab o u t 3  w eek s.  T he u nit b egan w ith an o v er v iew  o f  the b asic  ax io ms and  c o nc lu d ed  
w ith a d isc u ssio n o n r and o m v ar iab les and  pr o b ab ility  d istr ib u tio ns, spec if ic ally  the u nif o r m, 
b ino mial, and  no r mal d istr ib u tio ns.     
 
A  S am p le A ct i v i t y .   A f ter  c o nc lu d ing o u r  d isc u ssio n o f  r and o m v ar iab les, I  po sed  the f o llo w ing 
pr o b lem to  the c lass.   

 
S u p p o s e  t h a t  y o u  h a v e  a  s p i n n e r  t h a t  i s  b r o k e n  i n t o  5  p a r t s ,  e a c h  o f  
e q u a l  a r e a .   E a c h  s e c t i o n  i s  l a b e l e d  1 ,  2 ,  3 ,  4 ,  o r  5 .   S p i n  t h e  
s p i n n e r  a n d  o b s e r v e  t h e  n u m b e r  t h a t  a p p e a r s .  L e t  X  b e  t h e  s e l e c t e d  
n u m b e r .  

 
W hat is the pr o b ab ility  d istr ib u tio n o f  X ?   T he stu d ents immed iately  o b ser v ed  that X is a 
d isc r ete u nif o r m r and o m v ar iab le and  thu s it has the f o llo w ing pr o b ab ility  d istr ib u tio n.  
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S t u d e n t s  t h e n  w e r e  a s k e d  t o  d e s c r i b e  t h e  
d i s t r i b u t i o n  o f  X n u m e r i c a l l y .   T h e y  
c o m p u t e d  t h e  e x p e c t e d  v a l u e ,  s t a n d a r d  
d e v i a t i o n ,  a n d  t h e  m i n i m u m  a n d  m a x i m u m  o f  
X  a n d  c a m e  t o  t h e  f o l l o w i n g  c o n c l u s i o n s :  
 
  

 Mean S t and ar d  
D ev i at i o n 

Mi ni m u m  Max i m u m  

X 3 1. 4 14 2  1 5 
 
 

N e x t  w e  t u r n e d  o u r  a t t e n t i o n  t o  a n a l y z i n g  t h e  d i s t r i b u t i o n  o f  t h e  s a m p l e  m e a n s  o f  s i z e  n .   
T h e  s t u d e n t s  w e r e  a s k e d  t o  t h i n k  a b o u t  s p i n n i n g  a  s p i n n e r  n t i m e s  a n d  f i n d i n g  t h e  a v e r a g e  
n u m b e r  s p u n .   W e  l e t  

__

nX r e p r e s e n t  t h e  a v e r a g e  n u m b e r  b a s e d  o n  n s p i n s  a n d  n o t e d  t h a t  i t  i s  a  
r a n d o m  v a r i a b l e .   T h e  n e x t  q u e s t i o n  t h a t  t h e  s t u d e n t s  i n v e s t i g a t e d  w a s ,  “ H o w  d o e s  t h i s  r a n d o m  
v a r i a b l e  v a r y ? ”   U s i n g  M i n i t a b ,  t h e  s t u d e n t s  b e g a n  b y  l o o k i n g  a t  2 0 0  s a m p l e s ,  e a c h  o f  s i z e  o n e ,  
d r a w n  f r o m  t h e  p o p u l a t i o n  d e s c r i b e d  a b o v e .   ( I n  o t h e r  w o r d s ,  t h e y  w e r e  l o o k i n g  a t  t h e  
d i s t r i b u t i o n  o f  2 0 0  s a m p l e  m e a n s  e a c h  o f  s i z e  1. )    

 
 
T h e y  n o t i c e d  t h a t  t h e  s h a p e  o f  t h e  
d i s t r i b u t i o n  o f  

__
1X i s  v e r y  s i m i l a r  t o  

t h e  d i s t r i b u t i o n  o f  X ,  a s  i s  t h e  m e a n ,  
s t a n d a r d  d e v i a t i o n ,  m i n i m u m  a n d  
m a x i m u m  v a l u e s .   T h i s  r e s u l t  a g r e e d  
w i t h  t h e i r  i n t u i t i o n .  
 
 
 

 Mean S t and ar d  
D ev i at i o n 

Mi ni m u m  Max i m u m  

__
1X  3. 11 1. 4 6 3 1 5 
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I then asked the students to think about spinning the spinner 5 times and averaging the 
data.   I asked them to repeat this ex periment 2 0 0  times and to desc ribe the approx imate sampl ing 
distribution of  the sampl e mean,

__
5X .   T hey  w ere to think about how  this histogram dif f ers f rom 

the histogram that desc ribes the approx imate distribution of
__
1X .   S pec if ic al l y ,  does the shape 

l ook simil ar?  Is the mean roughl y  the same?   W hic h distribution has more spread?   T he students 
c ontinued to l ook at the distribution of  2 0 0  sampl es,  but of  inc reasing siz e.   T hey  ex perimented 
w ith sampl es of  siz e 2 5 and 1 0 0  and w ere asked to c omment on the c ommonal ties and dif f erenc es 
in the distributions.  L isted bel ow  is a tabl e of  resul ts and the c orresponding graphs that are based 
on simul ation data.  
 
 
A pprox imation 
distribution 

( 2 0 0  sampl es in 
eac h c ase)  

Mean S t and ar d  
D ev i at i o n 

Mi ni m u m  Max i m u m  

__
5X  3 . 0 4 2 0  0 . 6 6 0 0  1 . 2 0  4 . 8 0  

__
25X  3 . 0 1 4 6  0 . 2 8 4 0  2 . 3 2  3 . 6 8  

___
100X  2 . 9 8 7 4  0 . 1 4 1 7  2 . 6 2  3 . 4 2  
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What did the students learn?  T h e  m a j o r i t y  o f  t h e  g r o u p s  d i s c o v e r e d  t h e  k e y  e l e m e n t s  o f  t h e  
C e n t r a l  L i m i t  T h e o r e m ,  a t  l e a s t  f o r  r a n d o m  s a m p l e s  o f  s i z e n  d r a w n  f r o m  a  p o p u l a t i o n  w i t h  a  
d i s c r e t e  u n i f o r m  d i s t r i b u t i o n .   B y  l o o k i n g  a t  b o t h  g r a p h i c a l  a n d  n u m e r i c a l  s u m m a r i e s ,  t h e y  
d i s c o v e r e d  t h a t ,  i n  e a c h  c a s e ,  t h e  a v e r a g e  o f  t h e  2 0 0  s a m p l e  m e a n s  w a s  e x t r e m e l y  c l o s e  t o  t h r e e ,  
t h e  p o p u l a t i o n  m e a n ,  a n d  t h a t  a s  n i n c r e a s e d ,  t h e  s h a p e  o f  t h e  h i s t o g r a m s  l o o k e d  m o r e  a n d  m o r e  
l i k e  b e l l -s h a p e d  c u r v e s .   I n  t e r m s  o f  a n a l y z i n g  t h e  s p r e a d  o f  t h e  d a t a ,  t h e  s t u d e n t s  f o u n d  t h a t  a s  
n i n c r e a s e d ,  t h e  s p r e a d  o f  t h e  s a m p l e  m e a n s  d e c r e a s e d .   T h e y  n o t i c e d  t h a t  a s n i n c r e a s e d  t h e  
d i f f e r e n c e s  b e t w e e n  t h e  m i n i m u m  a n d  m a x i m u m  d e c r e a s e d ,  a s  d i d  t h e  s t a n d a r d  d e v i a t i o n s .   
M o r e o v e r ,  I  a s k e d  t h e  s t u d e n t s  t o  c o m p u t e  nσ  f o r  e a c h  n .   T h e y  o b s e r v e d  t h a t ,  i n  e a c h  c a s e ,  
t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  s i m u l a t e d  s a m p l e  m e a n s  w a s  v e r y  c l o s e  t o  nσ .      
 
 
E x tensio n q uestio ns.   A  n a t u r a l  f o l l o w -u p  q u e s t i o n  i s :   “ D o e s  t h e  s h a p e  o f  t h e  u n d e r l y i n g  
d i s t r i b u t i o n  i n f l u e n c e  t h e  s h a p e  o f  t h e  s a m p l i n g  d i s t r i b u t i o n  o f  ?

__

nX ”  I n  o t h e r  w o r d s ,  s u p p o s e  
t h a t  t h e  d i s t r i b u t i o n  o f nXXX ,...,, 21  i s  n o  l o n g e r  u n i f o r m  b u t  i n s t e a d  o f  a n o t h e r  o t h e r  t y p e ,  s a y  
n o r m a l  o r  e x p o n e n t i a l .   G e n e r a t e  d a t a  a c c o r d i n g  t o  o n e  o f  t h e s e  d i s t r i b u t i o n s  a n d  c o n s i d e r  
r a n d o m  s a m p l e s  o f  s i z e n ,  w h a t  d o  y o u  n o t i c e  a b o u t  t h e  s a m p l i n g  d i s t r i b u t i o n  o f  ?

__

nX  B a s e d  o n  
t h e  l a b ,  m a n y  s t u d e n t s  t h o u g h t  t h a t  t h e  f a c t  t h a t  t h e  u n d e r l y i n g  d i s t r i b u t i o n  w a s  d i s c r e t e  u n i f o r m  
w a s  a  n e c e s s a r y  c o n d i t i o n  f o r  t h e  d i s t r i b u t i o n  o f  t h e  s a m p l e  m e a n s  t o  b e  r o u g h l y  n o r m a l .   T o  
d i s p e l  t h i s  m y t h ,  I  h a d  t h e  c l a s s  l o o k  a t  d a t a  d r a w n  f r o m  b o t h  a n  e x p o n e n t i a l  a n d  n o r m a l  
p o p u l a t i o n ,  b u t  t h e  p r o b l e m s  w e r e  p u t  i n  t h e  c o n t e x t  o f  a  “ r e a l -w o r l d ”  s i t u a t i o n .   F o r  i n s t a n c e ,  t h e  
e x p o n e n t i a l  d a t a  m o d e l e d  w a i t i n g  t i m e s  f o r  a  s h u t t l e  b u s  a n d  t h e  n o r m a l  d a t a  m o d e l e d  l e n g t h s  o f  
h u m a n  p r e g n a n c i e s .   T h e  s t u d e n t s  f o u n d  i t  e a s i e r  t o  g r a s p  t h e  p r o b a b i l i t y  c o n c e p t s  w h e n  t h e  
p r o b l e m s  w e r e  s t a t e d  i n  c o n t e x t .   A f t e r  e x p e r i m e n t i n g  w i t h  d a t a  d r a w n  f r o m  e x p o n e n t i a l  a n d  
n o r m a l  d i s t r i b u t i o n s ,  t h e y  q u i c k l y  s a w  t h a t  t h e  o b s e r v e d  r e s u l t s  h e l d  i n  t h e s e  c a s e s  t o o .   A  s e c o n d  
e x t e n s i o n  q u e s t i o n  t h a t  f o l l o w e d  w a s :   “ H o w  l a r g e  d o e s  n n e e d  t o  b e  s o  t h a t  t h e  d i s t r i b u t i o n  o f  
t h e  s a m p l e  m e a n s  i s  a p p r o x i m a t e l y  n o r m a l ? ”  T h e  C e n t r a l  L i m i t  T h e o r e m  s t a t e s  t h a t  t h e  
d i s t r i b u t i o n  o f  t h e  s a m p l e  m e a n s  i s  a p p r o x i m a t e l y  n o r m a l  “ f o r  n l a r g e  e n o u g h ” .    B y  
e x p e r i m e n t i n g  w i t h  d a t a  d r a w n  f r o m  t h r e e  v e r y  d i f f e r e n t  d i s t r i b u t i o n s :  n o r m a l ,  u n i f o r m ,  a n d  
e x p o n e n t i a l ,  t h e  s t u d e n t s  s a w  t h a t  t h e  m o r e  “ n o n -n o r m a l ”  t h e  u n d e r l y i n g  p o p u l a t i o n  d i s t r i b u t i o n  
w a s ,  t h e  l a r g e r  n  n e e d e d  t o  b e .    
 
 
C o nc lusio n.   S t a t i s t i c a l  s o f t w a r e  p a c k a g e s ,  s u c h  a s  M i n i t a b ,  a l l o w  s t u d e n t s  t o  q u i c k l y  e x p e r i m e n t  
w i t h  a  l a r g e  v a r i e t y  o f  d a t a  d r a w n  f r o m  r a n g e  o f  p r o b a b i l i t y  d i s t r i b u t i o n s  a n d  t o  m a k e  c o n j e c t u r e s  
r e g a r d i n g  t h e  s a m p l i n g  d i s t r i b u t i o n  o f  t h e  s a m p l e  m e a n .  U s i n g  d a t a  t h a t  m o d e l s  a  “ r e a l -w o r l d ”  
p r o b l e m  a n d  a l l o w i n g  t h e  s t u d e n t s  t o  d i s c o v e r  t h e  t h e o r e m  v i a  M i n i t a b  p r o v i d e s  t h e m  w i t h  a  
d e e p e r  ( a n d  h o p e f u l l y  l o n g e r  l a s t i n g )  u n d e r s t a n d i n g  o f  t h e  C e n t r a l  L i m i t  T h e o r e m .  
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