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1. INTRODUCTION. In the latestCalculus; by J. Stewart, we&an noticemany new
problems whichcan besolved byusingmodern mathematical technologies, for example,
Mathematica and Geometer's Sketchp&lving theseproblems withthe help of these
programs isnot only more enjoyablebut in some cases may lead to profound
generalizations and discoveries.

In this paper wewill concentrate on one of suphoblems.the problem #78, on page 70.
This problem isstated there a®llows: The figure shows a fixed circle G with equation
(x — 17 + ¥ = 1 and a shrinkingcircle C, with radius r and center the origin.

P is the point (0, r), Q is the upper point of intersection of the two circles, and R is the
point of intersection of the line PQand the x-axis. What happens to R as ¢ shrinks,
thatis,asr—-» 0+ ?
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Figure 1. The illustration of the above problem.

To get an ideabout thesolution, we decided to uske Geometer's Sketchpadersion
3.0. TheFigure 1 shows four different snapshtatisenform Sketchpad in succession of r
decreasing to 0. Toreate thesgictures in Sketchpad is a standard procedure. With the



Sketchpad, we can keaprinking continuouslyhe circle G, bydragging withmouse the
point P towardsorigin, and at thesame time observinthat thepoint R approaches the
number 4. Furthermore, by taking advantabat the drawings inthe Sketchpad are
dynamic, wecan easily changehe circle G, to a circle of any radius r, and make an
observation that the point R approaches the number 4 .

A similar exercise can be carry out for tipeoblem in whichthe circle G is
replaced be a straigline with positive slope passing through origithis time wewill
observe that the point R approaches 0.

2.  GENERALIZATION. The described aboy@roblemcan beeasily generalized by
replacingthe fixed circle G by any curve. Ithe Figure 2 below, thiscurve is denoted
again byC, . Since ware going toshrink the circle G ,the only importantpart of the
curve is the part that isnmediately close tarigin. Therefore, naturally weanassume
that the curve €passes througthe origin, is smoothenough; and for positive x close to
origin, it lies in the first quadrant, and is increasing there.
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Figure 2.

Thus our problem, wittheseassumptions, is tond limit of the point R as radius r of
circle C, approaches 0

3. SETTING UP FOR GENERAL SOLUTION. In this paragraph, We will refer to the
notation of theFigure 2. Ifthe curve @ igyiven by anequation F(x, y)= 0, then the
coordinates of th@oint Q = (X, y),the point of intersection othe circle G and the
curve G , can be found by solving system of equations,

F(x,y)= Oand ¥+ $= % (3.1)



Then, the equation of the line through the points P and Q is

Y-—r= Y "X. (3.2)
Setting Y = 0 inthe equation (3.2), we get the x-coordinate of the point R,
X = yrfr. (3.3)
Thus, our problem is to find
H X
r"—>ng)+ y—-r’ (3.4)

which we denote by limtR.

However, this problem asmple as it mighseem athefirst sight, to carry out this
computation, even fasimple equations F(x, y)= 0, is very laborioasd tedious, or
evenimpossible to do especialfpr most students. Theaxe three main reasons for these,
the system of equations (3.1) is to difficult ionpossible to solvethe expression (3.3) is
lengthy, and thughe computation ofimit (3.4) is not clear. In contraswith the
Mathematicaall these difficulties might be avoided, especially if the equation F&x,y) 0Ois
relatively simple. In this paper we decided restrict ourselves to the cases when the equation
F(x,y) = O represents conics. We also must rementetr our goal isnot to do the
computations, but make a discovery.

4, MATHEMATICA IN ACTION . We willapplythe Mathematica to dall the
computations described in the paragr@oh . To do these we can use the following program.

pointQ:=Solve[{x% + y? = =r2, F(x,y) = =0}, {(x, y}]

pointR:=(r*x)/(r —y)/. {pointQ[[4]][[1]], pointQ[[4]][2]I}

limitR= Limit[ pointR, r —0}

Warning:  For some reason, the equationF(x,y) = 0 have a parametethe Limit
command produces incorrect output. For example, for parabola given by eqéiationy 2 a
X, the output is Owhich is incorrect. However, if we defirthe parameter a to be the
number E or Pithe Limit is computed correctly, and at tlsame time wecan see the
answer in general form since dhd Pibeingtranscendental numbewgll not cancel out
during symbolic computation. Thus, in the above program we can lre a:  Pi, and so on.

The intermediate results of this computation wél illustrate for parabola
y? = 2ax only, the final results forthe other curves ar@cluded inTable 1 the middle
column.



In[1]:=
PointQ=Solve[{x"24 y"2==r"2, y"2==2 a x}{X,y}]
Out[1]=

fix —> a5l atly 5 _sq{—2& - 2Sq[d+ A ¥ 1),

x —> 2 g‘zi‘;”[’“ a*ly _>sqr[— 24 — 2Sqrtfat+ A2,

x —> 2 a?”‘;";”[é* a¥ly > _sqri[—2&+ 2Sqrfa+ A},

fx —> 2a2SUE- ATy s gqi— 24+ 2 Sqrtfa+ A2 I}
In[2]:=

pointR=(r x)/(r— y)/ { pointQ[[4]][[1]], pointQ[[4]][[2]]}
out[3]=

r(—2&+2Sqrtfa+ 2 * )
2a (- Sqrtf- 2 &+ 2 Sqrtfa- 2a2lf)

In[4]:=

a:=Pi

In[5]:=

limitR=Limit[pointR, r — >0]

Out[5]=

4 Pi

5. LITTLE DISCUSSION. Before we show the results of our computation, we would
like to discussthe possible solutions. Our first guesstigat limit of R depends on the
tangentline to the curve ¢ abrigin. However, this assertion has to tegected since for

any line passing througthe origin the point R tends to the origin. The second guess is that
this limit shoulddepend on the curvature of curve C oagin, sincethe curvaturdully



characterizes a curv&eepingthese remarks in ounind, the analysis ofthe Table 1
should bring the desired discovery

Figure 3. lllustration of the main Theorem.

Curve Limit of R  Curvature at Origin
Line y = ax 0 0

Circle (x— rf + ¥ = B ar "

Elipse * ¥ + ¥ = 1 o §
Hyperbola ® %% — {; = 1 a7 2

Circle (x— af + (y— B = a+ b 0 le

Table 1.

6. MAIN DISCOVERY . Under the assumptions of Paragraph 2, observations made out
of theTable 1, and notations ¢figure 3 , we can state the following

THEOREM. If the curvaturesircle G of a curve € airigin has radiug and its center
lies on x-axisthen the point R approaches number 4 . Otherwise, the point R approaches

origin.

Proof. We will give only the proof for the case when the center of curvaliaseon x-
axis, this is illustrated biyigure 3 . For the other case the proof is the same.

Let ¢ > O be anyreal number, and £ bihe circle with radiusp+ ¢ and center
(p+ €, 0). The points S and 8re the x-intercepts of tHmes passing througthe point P
and the intersectiopoints ofthe circle G, withthecircles G and ¢ , respectively. Then,
since we assumethat the curve € is concaw®wn inthe first quadrant, close torigin,
we observe that the point R is between the points S and T. Frdralilel , we know that
Sand T tend tod andg{c ) respectively, asr >0 . Therefone,of R is also
between 4 and 4(+ ¢ ¥$incee is any real positive number, limit of R must pe 4 .
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