Old Dominion University

Math 307 Solutions Final Exam Spring 2000

To receive full credit show all work in arriving at your answers.

No.1 (5%) Solve the differential equation (2 + 3y)dx —xdy =0

Solution 1: Here 88—13\/4 = 3 and %_1:\07 = —1 and so the given equation is not exact. However,
AM AN
9y _ 9z 3-(-1)

=—_——= —% Hence there exists an integrating factor

N
ef T e-tlne _ 4 Thig gives the differential equation (5—3 + %%) drx — r% dy = 0 Where now we

have 88—13\/4 = r% and %_1;7 = 5’—4 and so the equation is exact with solution ¢(z, ) = ;—2 + ﬁ% = C* where

C* is a constant
Solution 2: The given equation has homogeneous functions. Hence we can make the substitution

y = vz with dy = vdx + 2dv to obtain (2 + 3va)dr — x(vdx + xdv) = 0 Separate the variables to obtain

2zdx _ _dv
2 T 14w

Inz? = In(1+v)+InC or 22 = C(1+v) Substitute v = y/x to obtain z* = C(1+ %) or C* = & =

Now integrate to get
5

B

d
No.2 (5%) Solve the initial value problem d_i =2y+1, y(0)=3

Solution 1: Separate the variables and integrate = df so that

Y
2941
In(2y+1) =2t +C* or 2y +1 = 2 =% =Ce® ory = —1+ £¢? The initial condition requires
that y(0) = 3 = —1/2+ C/2 or C' = 7. This gives the final solution y = —1 + Z¢*

Solution 2: First solve the homogeneous equation %ti — 2y = 0 This gives the complimentary solution
y. = C1e?* By the method of undetermined coefficients assume yp = A we find A = —1/2. This gives
the final solution y = y. + yp = —% + Che? where C; is a constant. The initial condition requires

y(0) =3 =—1/2+ C} This gives C; = 7/2 and final solution y = —% + Ze?.

No.3 (5%) Find the differential equation associated with the family of curves y? = cx where ¢ is a constant.

Solution 1: Write the family of curves in the form ¢(x,y) = c or ¢ = }rﬁ = ¢ The exact differential

0 0
equation is therefore a—¢ dx—+ 6_¢ dy = 0 Here we have %‘5 = —}5; and %;/ﬁ = 2% This gives the differential
x Y
equation —Zréder 24 dy =0 or —ydr+ 2xdy =0 or % = £

Solution 2: Differentiate y? = cx implicitly to get Qy% = ¢ Now eliminate the constant ¢ from these
two equations. We can solve for ¢ from the first equation ¢ = y*/x and substitute into the second

equation Qy% = ¢ = y?/x. Simplify to get % =Z.

No.4 (5%) Show that 1 = z is an integrating factor of the differential equation (2y + 3z)dx + xdy = 0

and then solve the differential equation.

Solution : Multiply by = to get (2xy + 3x2)dr + x2dy = 0 Then %—Aj = 2z and Z¥ = 2z so the
equation is now exact. This means the solution ¢(z,y) = ¢ is such that gl_f; = 22y + 3z° and %;/ﬁ = g2
Integrate the first equation [ d¢ = [ 2xy dx + 322 0x or ¢ = 2%y + 2%+ f(y). This solution must satisfy

gl; =224 % = 2 This gives f(y) = 0 and so the solution can be represented ¢(x,y) = z?y+ x> = C.
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No.5 (5%) Solve the differential equation (y — z)dz + (z +y)dy =0

Solution: The given equation is exact because 88—]\; =1 and %_1;7 = 1. Hence the solution ¢(x,y) = C

must satisfy gl_f; =y —x and gl; = x + y. Integrate the first equation to get ¢ = yx — 3”2—2 + f(y)-
This solution must satisfy g—i =x+ % =x+yor d];(;’)

2 2
plz,y) =yr— S +45=C.

=yor fly) = % This gives the solution

No.6 (5%) Solve the differential equation Z—Z +42=1

Solution: This is a first order linear ordinary differential equation with integrating factor

e Fdo _ e _ o T gives x% +y =z or Z(zy) = x Multiply by dz and integrate to obtain

Jd(zy) = [z dx or zy = % + C This gives the solution y = £ + £.
No.7 (5%) A ball is thrown vertically upward with an initial velocity of 64ft/sec. Use g = 32ft/sec? as
the acceleration of gravity and find equations for the velocity and position of the ball as a function of time.
(Assume 2 = 0 and time t = 0.)

av

Solution We have mass times acceleration = m<- = Sum of forces. The only force is the weight

W = mg acting downward. This gives the differential equation

m% = —mg or % = —g Integrate to obtain V = —gf 4+ V) where 1} is a constant of integration. The
initial condition requires that Vy = 64 and so V' = —gt + 64. Since V = Cé—:t” = —gt 4 64 we have upon
integrating that x = —g% + 641 + 2o where ¢ is a constant of integration. The intial condition requires

that xg = 0 and so x = —g% + 641.

No.8 (5%) Find and describe the family of orthogonal trajectories associated with the parabolas y = ca?.

d
Solution: We have d_y = 2cx. Now eliminate the constant ¢ to obtain the differential equation of the
x
d 2
family of parabolas Y 2%96 — 2Y _ yu. The differential equation of the family of orthogonaly
x x x
d — x
trajectories is d_y = ="5 Now separate the variables 2y dy = —x dx and integrate to obtain the
x m Y

family of ellipses 32 + % = ¢ where ¢? is the constant of integration.

No.9 (5%) Solve the differential equation 3" + 5y + 6y = 0

At

Solution: Assume a solution y = e** and get the characteristic equation

A% + 5\ + 6 = 0 with roots A = —2 and A\ = —3 This gives the fundamental set {¢~ 2% ¢ 37} and the

general solution y = c1e 2% 4 coe 27

No.10 (5%) Solve the differential equation 3" + 6y’ + 9y =0

Solution: Assume a solution y = e* and get the characteristic equation A>+6A+9 = 0 with roots A\ = —3

and A\ = —3 This gives the fundamental set {37 ze~ 3"} and the general solution y = c;e™ 3% + cowe ™37

No.11 (5%) Solve the differential equation y” + 6y’ + 13y =0
Solution: Assume a solution y = e’ and get the characteristic equation

A2 4+ 6\ + 13 = 0 with roots A\ = —3 + 2 and A\ = —3 — 2i. This gives the fundamental set

3 3 3

{e 3% cos 2r, € 3 sin 22} and the general solution y = cie™ 3% cos 22 + cze 3% sin 2z
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No.12 (5%) Use method of undetermined coefficients to solve i—i;ﬁ + 4y =12t + 4cos 2t
Solution: First solve the homogeneous equation % + 4y = 0 to get
Yo = 16052t + cosin2t Then assume y, = A + Bt + Ctcos2t + Dtsin 2t Differentiate and substitute

into the given nonhomogenous differential equation to get

4At +4B —4Csin 2t +4Dcos 2t — 12t 4+ 4 cos 2t

44 =12 4B =0 —4C' =0 4D =4
Now equate like terms to obtain which gives the partic-

A=3 B =0 ¢ =0 D=1

ular solution y, = 3f + tsin 2t. The general solution is then

Y = Ye + Yp = €1 cos 2t + cosin 2t + 3¢ + £ sin 21.

No.13 (5%) The rate of disintegration (decay) of radium is proportional to the amount present. If 0.5%
of the radium disappears in 12 years, what is the half-life of radium? Hint: If Ag is the initial amount, then
A =0.995A40 is left when t = 12 years.
Solution: Here % = —kA has the solution A = Age ¥ where Aq is the initial amount. After 12
years we have A = 0.9954¢ = Age "2 which gives 0.995 = ¢ %12 or (0.995)'/12 = ¢~*. Hence we can
write A = Age " = Ag(e™*)t = Ap(0.995)"/12 When A = 145 = A((0.995)"/12 then ¢ must satisfy
—In2 = §51n(0.995) This gives t = 2562 = 1660 years.
Another way is from the equation 0.995 = e~ *12 we solve for k and get

In(0.995) = —k(12) or k = —751n(0.995). Now from A = Age " we let A = % and solve for t. This gives
%J— = Age M or —In2 = —kt or t = 122 = m = 1660 years.

d2
No.14 (10%) Use the method of variation of parameters to solve d—yé +y=tanz
x

Solution: First solve the homogeneous equation % + y = 0 to obtain the complimentary solution
Ye = €1 COST + Casinx Assume a particular solution y, = wcosz + vsinz where u = u(x) and v = v(z)
are functions to be determined from the system of differential equations

u'cosx + v sinz =0

u'(—sinz) + v cosr =tanz

Solving for u' = Z—;‘ and v/ = Z—z we find
; ) . sinzx
u =—sinxtanx = —sinx .
cos ; sinx
. 2 9 v =cosxtanr = cosx
; sin“x —1 + cos cosx
u = — =
cosT cosx ,dv
v = — —=sinx
/ du d.
U = — =—secx +cosx
dx VY = —COST
uw=—In|secx + tanz| + sinx

This gives the solution
Y="Yc+Yp =108+ cosinx + cosz(—1In|secx + tan x| + sinx) + sin z(— cos x)

which simplifies to y = ¢1 cosx + casinx — cosxIn | sec = + tan z|.
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No.15 (5%) A 6 Ib weight stretches a linear spring 6 inches. The weight is then pulled down 4 inches
below its equilibrium position and released from rest. Assume the weight is acted upon by a damping force
equal to Qi—f in pounds where x is the displacement measured from the equilibrium position. Set up the
differential equation and initial conditions which describes the motion of this spring-mass system.

Solution: The sum of forces about the equilibrium position gives

d2 =5 f f W —k(z + s) 2d
= Sum of forces = x+s8)—2—
d a2 dt
subject to the initial condition 2(0) = 1/3ft and 2'(0) = 0 Since W = ks the above differential equation
d? d
reduces to m = ;C + 2d—g§ +kx =0 Here W =mg or m =W/g =6/32 =3/16 and also W = ks becomes
6 = k(1/2) or k — 12.
No. 16 (5%) Find f(t) — £ ' {F(s)} if F(s) — ——t 2
o. = S N
o ' 5%+ 95 + 20
55423 5s 423 A

Solution:By partial fractions

B = 2 this gives

— = + we find that A = 3 and
2495420 (s+4)(s+5) s+4 s+5

LR} = J0) = £ Ly e e

2 0<t<l

No.17 (5%) Use Laplace transforms to solve %ti +y=h(t) y(0)=1where h(t) = {0 Pe1

Solution: Take the Laplace transform of the given equation

E{ } + Ly} =L{n(t)} = £{2 = 2u (1)}

Y (5) = 9(0) + Y (s) == - %as
sY(s) =14 Y(s) 2z %e’s
(s+1)Y(s) =1+ % - %e’s
1 2 2e ¢

:s+1+s(s+1) Cos(s+1)

hence

Using partial fractions

2
s(s+1) s s+1

} 71;

— )} =2—-2¢"

s+1

( )

L ——= ( p=2—2e7 V(1)

s+1)

This gives the solution y(t) = £~ 1Y (s)} = e 4+ 2 — 27t — [2 — 2e~ ¢ V]uy (£)
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No.18 (5%) Use Laplace transforms to solve

Py dy
2422 o6y —ug(t) y(0)=1. ¢'(0)=0.
Tz P2 126y = wa(t) y(0) =1, y'(0)

Solution: Let Y (s) = L{y(t)} and take the Laplace transform of the given differential equation to

obtain
6743

52Y (5) — sy(0) — ' (0) + 2[sY (s) — y(0)] + 26Y (s) = .

Substitute y(0) = 1 and y'(0) = 0 and solve for Y'(s) to obtain

s+2 n e s
$24+25+26  s(x? + 25+ 26)

Y(s) =

Complete the square in the denominator and write

s+ 2 e 4s s+1 1 e
Y(s) = T2 2R Tz 7.z 2 2
(s+1)2+5%2  s((s+1)2+52) (s+1)2+52 (s+1)2+52  s[(s+1)%2+ 5%

‘We know that

(s+1)

—(s FRp 52} = e tcosbt first shift theorem

-1 8 _ -1
L {32+52}70055t hence £ '{

1 1
1 _ 1 1 —t .
L {—82 T } 5 sin 5t hence L] sin bt

(s+1)2+52} ~5°
By the integration property

1 1 115 1
LY———— V= [ —etsinbtdt = = | — — —e {(5cos 5t + sin 5t
Serrr! /56 s 5|36 26 (CoosolFsin )}
By the second shift theorem we have
Ly L[5 L o (5 c0s5(t — 4) 1 sin5(E— 4))] w0
_ = | = - = cos b(t — sin H(t —
s[(s+1)2+5%" 5|26 26 4

This gives the solution

y(t) =L HY (5)}

1 115 1
_ ot Lot o SR e _ : _
et cosbt + € sin 5t + 5 {26 56¢ (5cosb(t —4) + sin 5(t 4))} uy(t)
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No.19 (5%) Use the convolution property to find h(t) = £ {F(s)G(s)} where
1 1
Solution: h(t) = L '{F(5)G(s)} = f(t)*g(t) where

f(t):E’l{F(s)}:E’l{s}r2}:e*2t and g(t):rl{a(s)}zyl{ﬁ% _ B

Hence

) = 10°0) = [ 1gte—ryar = [ e ar

ief?)t ! e’ dr
h(t) — /0 d
h(t) =e > [e"];
h(t) =e ' [e' — 1]
h(t) =e %t —¢ 3¢

No.20 (5%) Assume a power series solution to the differential equation % + zy = 0 and find the resulting
recurrence formula.

3t[T

Solution: Assume a solution

oo
Y= E cpx”
n=0

dy o - n—1
@ = Z Cp N
n=0

Substitute into the differential equation to obtain
Z eanae™ 14 Z cpr™ =0
n=0 n=0

o0 o0
sum on lower term ¢12° + E eanae™ 14 E cpr™ =0
n=2 n=0

Shift summation index ¢;z° + Z(C”+2 (n+2) +c,)x™ ™ =0
n=0
Now set equal to zero the coefficients of the various powers of x. This gives ¢; = 0 and ¢, 2(n+2)+c¢, =0

—c
or Cpio = —+n2 This is the recurrence formula. We find
n

cp =¢c3=c¢5—=..=0

i.e. all odd coeflicients are zero

. —¢
The even coeflicients are: c¢o :TO
“ o2y
%
Cg —24 41 etlc.
This gives the solution
22 xt 20 28

v=coll =5+ gy — g Porg T

End of Exam



