8.2 Diagonalization
DEF| (- p. 356)

We say amatrix B issimilar to amatrix A if there
exists anonsingular matrix P such that
B = PlAP.

Properties of similarity (- p. 356)
1. Aissmilar to A.
2. If Bisgamilar to Athen Aissimilar to B.

3. IfAissmilartoB and Bissmilar to C then
Ailssmilar to C.
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Proof of the third property:

We assume Aissimilar to B, i.e. there exists P s.t.
B = PAP.

Likewise, B issimilar to C, i.e. there exists Q sit.

C = Q'BQ.

We can write
C=0Q7'BQ
= Q1 (PAP)Q
= (Q'P™MAPQ)

= (PQ™A(PQ)
Since there existsa matrix S = PQ such that
C = S'AS we conclude that C issimilar to A.

Note: According to property 2., instead of saying
" Alis similar toB” or " B is similar toA” we can
say. " A andB are similar”.
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DEF| (- p. 356)

If amatrix Aissimilar to adiagonal matrix then A
Issaid to be diagonalizable (i.e. A can be
diagonalized.)

TH 8. 3

(- p. 357)

Annx nmatrix Aisdiagonalizableif and only if
It has n linearly independent eigenvectors.

Proof

A isdiagonalizable

0
P~1AP = D (diagonal)
0
AP = PD

0
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| Aup

AU? = dﬂ?fori =1,....,n
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THECREI\/’ If Ay,.... A aredistinct real

eigenvalues of the matrix A, then the

corresponding eigenvectors Ui,...,Ug are linearly
Independent.
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Proof
Assume Uy, ..., Ug are linearly dependent.

Then |et Uf be the first vector that can be
expressed as a linear combination of preceding

Vectors:
U = Cilg + - + Cimaljq (%)
Premultiplying both sides by A we get

— — —
Auj = Cc1Aug + --- + Cj-1AUj-1

)\jUj? = CiMqUg + - + Cj—l)\j—lm
Multiplying both sides of (x) by A; yields
AU = CaAJUT + -+ + G AUt
Subtract the last two equations:
ﬁ
0 = ca(ha =AU + - + (N1 = AU
LS — : - /
Since ui, ..., Uj-1 arelinearly independent and A's
are distinct, thisimpliescy = --- = ¢j-1 = 0.
ﬁ
However, in this case (x) would mean Uf = 0.
Thisisimpossible sinceU,-’ IS an eigenvector.
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TH 8. 4| (- p. 357)

If all the roots of det(Al — A) arereal and distinct
then A is diagonalizable.

EXAMPLE 1

In EXAMPLE

(1 2 -1 )

A= 1 0 1

\ 4 4 5)

3 we found:

eigenvalue

el genspace

1

span{ (-1,1,2)}

2

span{ (-2,1,4)}

3

span{ (-1,1,4)}
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(-1 2 -1 )

Let P = 1 1 1

\244).

_1

2
ThenPt = -1 -1 0 (verify!)

1

2

(100 )

P'AP=| 020

\003)
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EXAMPLE 2

— Example 5 p.360

(001 )
012 |
\ 001 )
A O -1
detAl —-A) =] 0 A-1 -2 = A\ - 1)2.
0O 0 A-1
For the eigenvalue A1 = 1, the coefficient matrix
of (*):
(10 -1 ) (100 )
0 0 -2 |hasrref.| 0 0 1
\ 000 ) \ 000 )

Solution: X2 = §,X1 = X3 = 0;
Eigenspace: span{ (0, 1,0)}.
Dimension of the eigenspace= 1 < 2

(multiplicity).

A isnot diagonalizable.
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EXAMPLE 3| —» Example 6 p.360

(000 )
A=| 010 |
\101)
A 0 0
detMl -A)=| 0 A-1 0 |=AA-12
1 0 A-1

For the eigenvalue A1 = 1, the coefficient matrix
of (*):

(1 00 ) (100 )
O 0O hasr.r.ef. 00O
\—100) \OOO)

Solution: X3 = 0,X2 = §,X3 =t.

Eigenspace = span { (0, 1,0), (0,0, 1)}. Dimension
= multiplicity.

A isdiagonalizable.
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To find P such that P1AP = A, consider A, = O:

(0 0 0 ) (101 )
0 -1 0 hasrref.| 0 1 0
\ 1 0 -1 ) \ 00 O)
Eigenspace = span{(-1,0,1)}.
(00 -1 )
If P = 1 0 O then
\ 01 1 )
(100 )

P1AP = 010

\OOO}I
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(100 )

fQ=| 0 1 0 |[then
\101)
(000 )

Q'AQ=| 010 |
\001)

— Procedure for diagonalizing A (p.361)
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