8.1 Eigenvalues and
Eigenvectors

DEF| (- p. 343)

Let Abeann x nmatrix. Thescalar A iscalled an
eigenvalue of A if there exists a nonzero vector v

such that
AV = AV

V iscalled an eigenvector associated with the
eigenvalue A.

EXAMPLE 1| Consider the linear transformation

(=200

- projection onto the x-axisL(Xx,y) = (x,0) (-
EXAMPLE 1 of the Section 4.3 lecture)
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(32)(8)-(2)

Eigenvalue: 1, eigenvector: (2,0).

oo )0s)e(e)

Eigenvalue: 0, eigenvector: (0, 3).
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Notice that if V isan e genvector associated with
the eigenvalue A, then for any nonzero number c,
cVisdsoane genvector associated with the
same eigenvalue A:

A(CV) = c(AV) = c(\V) = A(CV)

Specifically, inlast example, we have
e« aneigenvalue A = 1 and an associated
eigenvector (x,0) (for any nonzero x), and
e aneigenvalue A = 0 and an associated
eigenvector (0,y) (for any nonzeroy).

MATH 316U (003) - 8.1 (Eigenvalues and Eigenvectors) / 3



We want to develop a general procedure for
finding elgenvalues and eigenvectors.

If we had a scalar equation

ax = AX
then we could solve for x as follows:
AX—ax =0
(A—ax =0
The matrix equation
AV = AV
can be rewritten as
AV -AV =0
but not as
A-AV =7

cannot
evaluate
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Instead, write

NV -AV = 0
which yields

M-AV =0 (*)
If Visan eigenvector of A, it cannot beazero
Vector.

Therefore, such aV isanontrivial solution of
the homogeneous system (*).

For the system to have such solutions, its
coefficient matrix, Al — A, must be singular.

Thisisequivalent to
det(A\l —A) =0 (**)
- Th.8.2p. 348
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Procedure for finding eigenvalues and
eigenvectors of a matrix.

(1) Find all valuesA = A1,A>, ... such that
det(Al — A) = 0.
(2) For each eigenvalue A; foundin (1), solve the
%
system (Al —A)7 = 0 for the
corresponding V.
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Use the procedure for the matrix of EXAMPLE

1.
10
A= .

w-asa 09 )-(50)
(")

det(Al — A) = (A — DA

det(Al — A) iscalled the characteristic
polynomial. The equation (**) is called the
characteristic equation:

det(A\l —-A) =0
A-1A =0
Theegenvaluesare: A1 = 1and A, = 0.

(1)
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(2) For A1 = 1, the homogeneous system (*)
becomes

HOI

The coefficient matrix has the reduced row

echelon form
01
O 0

X1 = s(arbitrary) and xo = 0. Therefore, the

solution 1S
X1 1
=S

Eigenvectors associated with A, = 1 areall
scalar multiples of (1,0) (except for the zero
Vector).

Solution space: span{ (1,0)} - eigenspace
associated with the eigenvalue 1.
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For A» = 0, the homogeneous system (*)
becomes

ool (o)

The coefficient matrix has the reduced row

echelon form
10
O 0

X2 = s(arbitrary) and x; = 0. Therefore, the

solution Is
X1 0
=S

Eigenvectors associated with A, = O are all
scalar multiples of (0, 1) (except for the zero
Vector).

Eigenspace: span{(0,1)}.
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EXAMPLE 2| Find all eigenvalues and a basis for

each associated elgenspace for the matrix
(100 0 )

015 -10
102 O

\ 100 3 )
(1) The characteristic polynomial: det(Al — A)
(A-1 0 0 0 )
0O A-1 -5 10

-1 0O A-2 O

. 1 O 0 )\—3)
(A-1 -5 10 )
= (A = 1)(-1)?det 0O A-2 O

\ O 0 )\—3)
=(A-1)*A-2)(A-93)

Eigenvalues: A1 = 1 (multiplicity
2),)\2 — 2,)\3 = 3.

= det
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(2) Fortheeigenvalue A1 = 1, the system (*)

becomes

000 0\ x \ [ 0)
0 0 -5 10 xa | | O
10 -1 0 xs | | O

(1002 ){x) Lo,

The coefficient matrix has the reduced row
echelon form:

(1002 )
0012
0000
L0000

X2 = sand x4 = t are arbitrary, while
X1 = =2t and X3 = —2t:

(x\ (o) ([ -2)

X2 1 0
X3 0 —2

\x ) L0/ 1)
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Basis for the eigenspace:
{(0,1,0,0),(-2,0,-2,1)}.

For the eigenvalue A» = 2, the system (*)
becomes

100 0\ x \ [ 0)
0 1 -5 10 X, 0
100 O X3 0

L2002 )k ) Loy

The coefficient matrix has the reduced row
echelon form:

(100 0 )
01 -50
00 0 1
L 00 0 0

X3 = sisarbitrary, whilex; = x4 = Oand
Xo = bs;
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/X1\ /0\

X2 - 5
X3 1
\x ) 0

Basis for the eigenspace: {(0,5,1,0)}.

For the eigenvalue A3 = 3, the basis for the
eigenspace is{(0,-5,0,1)}. (Check!)
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Equivalent conditions (- p. 348)

For any n x n matrix A, the following conditions
are equivalent:

1.

B W

© 00N O

10.

A isnonsingular.

AX = 0 has only the trivial solution.
Alisrow equivalent to | .

ﬁ
For every n x 1 matrix b, the system

— : :
AX = b has a unigue solution.
det(A) # O.
rank A = n.
nullity A = 0.
Therows of A are linearly independent.
The columns of A are linearly independent.
Zero is not an eigenvalue of A.

_ Th. 8.1 p.348
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— Read the discussion on p.349 above Example

o:

The only rational roots of the characteristic

polynomial

f(A) = A"+ alA™L + - + angA + an

with integer coefficientsay, ..., a, are integers
that are among factors of a.

EXAVPLE 3
(1 2
A=| 1 o
4 -4

— Examples5 p. 347 and 6 p.349

1)

1

5).

Characteristic polynomial:

det(Ml 3

A-1 -2 1
-A=| -1 A» -1
-4 4 A-5

=A3-6A2+11\ -6

Rational eigenvalues must be among the numbers:
+1,+2,+£3, and 6.
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Test A = —1:

-1-6-11-6#%0
A = —1isnot an eigenvalue.
Test A = 1.

1-6+11-6=0
A = lisanegenvalue.
Divide:
A2— BA+6
A-1] A3-6A°+11\-6
A3+ )22
-5\2+11A -6
5A% — 5BA
6A — 6
—6A + 6
0
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Therefore
A3—-6A2+ 1IN -6 = (A —1)(A>— 5\ +6)
=A-1DA-2)(A—-3
Theegenvalues. A1 = 1,A2 = 2,A3 = 3.

For the eigenvalue A1 = 1, the coefficient matrix
of (*):

[0 -2 1) (101 )
-1 1 -1 hasr.r.ef. 0 1 ‘71
\ 4 4—4) \ooo)

Eigenspace = span { (5, 5, 1)} (or
spar{ (-1,1,2)})

MATH 316U (003) - 8.1 (Eigenvalues and Eigenvectors) / 17



For the eigenvalue A, = 2, the coefficient matrix
of (*):

(12 1) (101 )
-1 2 -1 hasr.r.ef. 0 1 _Tl
\ 4 4—3) \ooo)

Eigenspace = span { (5, +,1)} (or
spar{ (-2,1,4)})

For the eigenvalue A3 = 3, the coefficient matrix
of (*):

(22 1) (101 )
-1 3 -1 hasr.r.ef. 0 1 _Tl
\ 4 4—2) \ooo)

Eigenspace = span { (5, +,1)} (or
spar{ (-1,1,4)})
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EXAMPLE 4| — Example 7 p. 350

0 1
Let A = .

A -1
det(Ml» — A) = = \2+1
1 A

A has no real eigenvalues.

Geometric interpretation:
Example 10, p.208, introduced a linear
transformationL : R? - R? defined as

L(( X >):( Cf)S(p -sing )( X )
y sing Ccos@ y
Thisisarotation around the origin by the angle
Q.

g = we obtain
X
G520

Takin —=
2
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For example,

0 1 2\ [ 2
-1 0 2 2

No real eigenvalues can be "seen” for this matrix.
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