6.8 Orthonormal Bases
DEF| - p.306

A set of vectors S = {Vsz) Vk>} INR" Issaid
to be orthogonal if

(a) V.’-Vf = Oforali #j.

Sissaid to be orthonormal if in addition to the
condition (a), it also satisfies

(b) V/« Vv =1forali=1,...k

- = 5
1,],K

EXAVPLE 1|S={
set in R3, since

} Isan orthonormal

i i s e Ay
(@ 1 o« =] ek =14k =0,and
i i e e Ay
(b) 1«1 =] ] =kek =1
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EXAMPLE 2[S={(1,-1,2,3),(-1,1,1,0)} isan

orthogonal set in R*, since

(@) (1,-1,2,3)+(-1,1,1,0) = 0.

However, Sis not orthonormal since (b) does not
hold: (1,-1,2,3) « (1,-1,2,3) = 15 # 1.

TH 6. 16| - p.307

Every orthogonal set of nonzero vectorsislinearly
Independent.

DEF| - p.307

An orthogonal (orthonormal) set of vectorsin a
vector space V that forms abasisfor V iscalled an
orthogonal (orthonormal) basisfor V.
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TH 6. 17| - p.308

If S = {Vsz) Vﬁ} IS an orthonormal basis for
R" then for every vector VinR"

—> —> —>
V = CiVi + CoVa + -+ + CpVr
wherec; = V-Wforall l.

Proof
Since Sisabagss, then we can write

V = C1Vi +CoVh + -+ + CnVp
Multiplying both sides by V{ yields
VeV = ci(Vi e V) +Ca(V3 o Vi) + -+ + Cn(Vir o V)

Since Sisorthogonal then only the i-th term on
the right hand side can be nonzero:

VeV =ci(V] e V)
Because Sis orthonormal,
Ci = V. V|>
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TH 6. 18| Gram-Schmidt Process — p.308

Let W be anonzero subspace of R" with abasis
S= {u_1>u_2> UE} Then an orthonormal basis T
for W can be determined by the following process:
(1) Determine an orthogonal basisfor W

— — —>
{Vvi,V2,..., V}

- >
V1 = U1
- > u_2>o71>—>
V2—U2—_> _>V1
V1 e Vg
— - — —
7 —7_ U eV i ®*Vi-1 5
V|—Ui—_> _>V1—'°'— S >Vi—1
VieVi Vi-1 ® Vi-1

(2) Determine T = {w_>1w_>2 Wk} an

orthonormal basis for W by normalizing each

of the orthogonal vectors Vi

W, = Vi for all |
|7
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EXAMPLE 3

Apply the Gram-Schmidt Process to the set
{(1,1,0),(1,2,0),(0,1,2)}.

u_l) uz us
(1) v =17 =(1,1,0)
Vo= U - 2Ny
Vl(i/ 2.0)(1,1,0)
=(1,2,0) - tTonaig (L1.0)
= (1,2,0) - 3(1 1,0)
_ (1 1
=(=2.2,0)
V3= - By - By
0L2-(LLO)
=(0,1,2) 110-(010) (1,1,0)
_ 012550 1 1
(_1 10)(_1 10) E’E’O)

—(012)—%(110) (—=

2’2’0)
= (0,0,2).
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_ _1 1 _ =42 2

- _)2( ?5?50) - 2 1 9 50)
wi = - % = @2 _ g1

We obtained the orthonormal basis
T={("Z,“2,0,(2%,*2,0),(0,0,1)}.

2 ] ] 2 ]
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EXAMPLE 4|Verify TH 6. 17 for

V = (2,-1,3) and the orthonormal basis T
obtained above.

1= Vews =(2-1,3)«(Z, 42,00 = 2
Co= Ve Wz—(2 -1,3) (‘[,5,0)— 542

Cz3 =V eWs = (2,-1,3)« (0,0,1) = 3

Verify:

fz(fz' 0) 3f( /2 5,0)+3(o,o,1)
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