6.4 Basis and Dimension
DEF| (- p. 263)

AsatS= {Vsz) Vk>} of vectorsin avector

space Visabassfor Vif
(1) SspansV and
(2) Sislinearly independent.
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EXAMPLE 1|(— EXAMPLE 1 from the previous
lecture)

— =
LetS={1,],k} ={(100),(0,10),(0,0,1)}

(1) we've shown thaSspansR®

- D > D
(2) c1 i1 +c2 ) +c3k = 0 corresponds to the

homogeneous system with the augmented
matrix

(17000 )
01010
L0010 |

The solution is uniquec; = ¢z = ¢3 = 0 (the
trivial solution).

Answer:Sis a basis foR3.

- Example 1 p. 263 0 = 2, generah)
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EXAMPLE 2
Istheset S= {(1,1),(1,-1)} abasisfor R*?

(1) DoesSspan R??

o))

1c;, + 1c
1c;, - 1c

1 1 | X ro—rq1-ro 1 1 | X
1 -1 |y 0 -2 | y—x

Thissystem is consistent for every x and y,
therefore S spans R?.

]
< X
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(2) IsSlinearly independent?

S HEHEO

1c;, + 1c, = O
1c;, - 1c, = O

1 1 | O Fo—r1-1r>2 1 1 | O
1 -1 1] 0 0 2] 0
The system has aunique solutioncy = ¢, =0

(trivial solution).

Therefore Sislinearly independent.

Consequently, Sisabasisfor R?.
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EXAMPLE 3|IsS = {(1,2,3),(0,1,2),(~1,0,1)}
abasisfor R3?

It was already shown (- EXAMPLE 3 from the
previous lecture) that S does not span R3.

Therefore Sis not abasisfor R3.

EXAMPLE 4{1sS = {(1,0),(0,1),(~2,5)} abasis
for R%?

It was already shown (- EXAMPLE 4 from the
previous lecture) that Sislinearly dependent.

Therefore Sis not abasis for R?.

- Example 2 p.263.
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EXAMPLE 5
S={

Gae)(ze)(es)

AN AN
Y Y Y Y

—> —> —>
Vo V3 V4

IS abasis for the vector space M.

_)
Vi

—> —> —> — a b
(1) C1V1 ¥+ CoVo + C3V3 + C4Vy = 7 = ( 4 )
C

IS equivalent to:

ct c2 \ ([ ab
C3 Cy c d

which is consistent for every a, b, c, and d.
Therefore S spans M.

MATH 316U (003) - 6.4 (Basis and Dimension) / 6



—> —> —> - _ R
(2) C1V1 +CoVo +C3V3 +Cavs = 0

IS equivalent to:

ct: cc \ _( 0O
C3 C4 00

The system has only the trivial solution L1 Sis
linearly independent.

Consequently, Sisabasisfor M.
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EXAMPLE 6|IsS = {1,t,t%t3} abasisfor P3?

(1) cu(2) + co(t) + ca(t?) + ca(t”)
= a+ bt +ct? +dt®
has a solution for every a,b,c, and d :
C1 = a,C2 = b,c3 =¢,cq4 = d.
Therefore S spans Ps.

(2) c1(1) + ca(t) + c3(t?) +ca(t®) = 0
can only be solved by
Ci=Cx=cC3=cCq =0.

Therefore Sislinearly independent.

Consequently, Sisabasisfor Ps.

- Example 3 p.264.
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THEOREM (— Th. 6.5 p. 265)

Let S = {Vsz) Vk>} be a set of nonzero vectors

In avector space V. The following statements are

equivalent:

(A) SisabasisforV,

(B) every vector inV can be expressed as alinear
combination of the vectorsin Sin aunique
way.
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Proof (A)U (B)
e Every vector inV can be expressed as alinear
combination of vectorsin Sbhecause S spans
V.

. Suppose7 can be represented as alinear
combination of vectorsin Sin two ways:

7 = C1?1+ oo +Ck?k
Vo= diVE e+ Ao
Subtract:
= —> —
0 = (C1 —dl)V1 + ...+ (Ck —dk)Vk

Since Sislinearly independent, then

Cl_d1: :Ck—dk:O
so that
C1:d1
Ck:dk

The representation is unique.
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Proof (B)U (A)
« (B)U EveryvectorinVisinspan S
e Zerovector inV can berepresentedina
unigue way as alinear combination of

vectorsin S

= —> —

O =cCq1vy +--- + CkVk
Thisunigueway must be: c; = --- = ¢ = 0.

Therefore Sislinearly independent.

Consequently, Sisabasisfor V.
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Back to EXAMPLE 2:
S={(1,1),(1,-1)}

Instead of showing that

e C1Vi +CoV3 = V hasasolution, and
= > _ R : :
e C1V1 +C2v2 = 0 hasaunique solution,

we can show

— . .
e ClVi+CoVE =V has a unique solution.

1 1 | X ro—rq1-r>o 1 1 | X
1 -1 |y 0 -2 | y—-x

Unique solution for every xandy [l Sisabasis
for R?.
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TH 6. 6| (- p. 266)

Let S = {Vsz) Vk>} be a set of nonzero vectors

In avector space V. Some subset of Sisabasisfor
W =gpan S

— Procedure p. 268
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EXAMPLE 7|Find abasisfor
spar{ (1,2,3),(-1,-2,-3),(0,1,1),(1,1,2)}.

_)
Vi

—> —> —>
Vo V3 V4

—> —> —> - _ R
Setcqvi +CoVvo +C3v3 +CsVa = 0.

The corresponding system has augmented matrix:
(1 -101]0)
2 211 1]0

\ 3312 |0 )

which is equivalent
(ro—2r1 - rp;r3—3r1 - r3;r3—r - ra)to

/—101 0 )
0 0 -11]0

\OOOO O)
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Can set ¢, and ¢4 arbitrary. For example
e Ifc, = 1,c4 = Othen V3 can be expressed as
alinear combination of Vi and V3.
e Ifc, = 0,cs = 1then vz can be expressed as
alinear combination of V1 and V3.
Therefore, every vector in span Scan be
expressed as alinear combination of V1 and V3.

Also note that Vi and V3 are linearly independent.
Consequently, they form a basisfor span S

Summarizing: The vectors corresponding to the
columns with leading entries form a basis for W.

Different initial ordering of vectors, e.g.,
{75, Vi,Va, VZ} may change the basis obtained by

the procedure above (in this case: V4 V;?).
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TH 6. 7| (- p. 269)

Let S= {Vsz) Vﬁ} span V and let

T = {W1, W5, ...w;} be alinearly independent set
of vectorsinV. Thenn < k.

COROLLARY 6. 1|(- p. 270)

Let S={Vi,V3,.. v} and T = {W1, W3, ...Wy}

both be bases for V. Then n = k.

DEF| (- p. 270)

The dimension of avector space V, denoted dim
V, isthe number of vectorsin abasisfor V.

] —
dim{ 0}) =0.

e dim(R") = n(- Example 6 p. 270)
e dm(Pn) =n+1(- Example7 p. 270)
e dim(Mmm) = mn
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TH 6. 8| (- p. 271)

If Sisalinearly independent set of vectorsin a
finite-dimensional vector space V, then there
existsabasis T for V, which contains S

EXAMPLE 8|(- Example9 p. 271)

Find abasis for R*that contains the vectors
Vi = (1,0,1,0) and V3 = (-1,1,-1,0).
Solution:

The natural basis for R*:

{gl, 0,0, 02, gO, 1,0, 02, gO, 0,1, 02, gO, 0,0, 12}

— — — —
€1 €2 €3 €4

Follow the procedure of EXAMPLE 7 to

: - D DD DD
determine a basis of span{ vi, V2, e, e2,e3,e4}.

(1 -11000 A
0 10100
1-10010
L 0 00001

0
0
0
0

J
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has the reduced row echelon form:;

/001 1 00 )

ol 01 000

0o ojo-10]0

TH 6. 9| (- p. 272)

Let V be an n-dimensional vector space, and let

S= {Vsz) Vﬁ} be aset of nvectorsin V.

(a) If Sislinearly independent then it isabasis
for V.
(b) If SspansV thenitisabasisfor V.
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