6.3 Linear Independence
DEF| (- p. 253)

Let S = {Vsz) Vk>} be aset of vectorsin a
vector space V. We say that SspansV (or Vis
spanned by S) if every vector in Visalinear
combination of vectorsin S

To check if SspansV
e choose an arbitrary vector Vinv,

. check if Visin gpan S. If so, Sspans V.
Otherwise it does not.
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EXAMPLE 1|(- Example 4 p. 255)

Doesthesat S = {(1,0,0),(0,1,0),(0,0,1)} span
7 7 K

R3?

Let V = (x,V,2) - arbitrary vector in R3.

Canwefind ¢y, Cy, C3 such that

- D D
Ci1l +Cz2] +cC3k = V7

N\

1\ [ 0) 0 )

Cif O [+C| 1 +C3| O

0/ \0o/) 1)
[ x )
= y
\ 2/

Solution: ¢; = X,c2 = y,C3 = Z

Answer: Sspans R3.
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EXAMPLE 2

Doestheset S = {(1,2,3),(0,1,2),(~2,0,1)} span
R3?

Solve

1\ (o) [ -2)

Ci| 2 +C| 1 + C3 0

3/ 2/ U1y
[ x)
= y
\ 2/

1c; + Oc, — 2¢c3 = X
2C1 + 1co, + O0Ocs
3ci + 2c, + 1c3

1
N <
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(10 -2 | x )
21 0]y
\3 2 1 z)
ro—2r1-ro / 1 0 -2 X \
r3—3ri1-rs
— 01 4| y—-2X
\O 2 7 z—3x)
(10 -2 X )
r3—2ro-rs
— 01 4 y — 2X
\ 00 -1 z—2y+x)

Thissystem is consistent for every x,y, and z,
therefore S spans R°.
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EXAMPLE 3| Doesthe set

S={(1,2,3),(0,1,2),(-1,0,1)} span R3?
Setting up a system, we get the augmented matrix:

(10 -1 x )
21 0]y
\ 32 1 z)
with the reduced row echelon form:

/ 1 0 -1 2y—z\
01 2 -3y + 2z

\ 00 0 x—2y+z)

There exist values of x,y, and zfor which the
system has no solution (e.g., x =1,y =z = 0).
Consequently, Sdoes not span R3.

Also, recall that EXAMPLE 8 from thelecture

on the previous section showed that (1,2,-1) is
not in spar{ (1,2,3),(0,1,2),(-1,0,1)}.
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DEF Linear Independence (- p. 256)

S={V1,V3,...W} islinearly dependent if there
exist constants cq, Co, ..., Ck, hot all of which are
Z€ero, such that

ﬁ

CIVi+CoVa+ - +CVk = 0 (*)
Otherwise (i.e., if the only way for (*) to hold isif
C1 =C2=---=¢Ck =0)wesay Sislinearly

Independent.

To check if S = {V1,V3, ...V} islinearly
Independent, begin by setting up the
homogeneous system corresponding to (*)
e if thesystem hasthetrivial solution only
then Sislinearly independent,
 if the system has many solutionsthen Sis
linearly dependent.
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EXAMPLE 4| Determine whether the set

S={(1,0),(0,21),(-2,5)} islinearly dependent or
linearly independent.

Lo )oe5 )= 5) (2

can be rewritten as the homogeneous system

1c, + Oc, — 2¢c3 = O
Oc; + 1co, + 5¢3 = 0
wih the augmented matrix
10-21]0
S

The system has many solutions L1 Sislinearly
dependent.
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EXAMPLE 5

Determine whether the set

S={(1,0,-1,0),(1,1,0,2),(0,3,1,-2),(0,1,-1, 2)}
Islinearly dependent or linearly independent.

The homogeneous system has the augmented

matrix

/

\

11 0 0[]0 )
01 3 10
10 1-11]0
02-2 2|0 |

with arow echelon form:;

(11000 )

\0001 O)

01310
0011|O0

The system has only the trivial solution L1 Sis
linearly independent.
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- Examples7, 8, 9, 10, 11 p. 256-258

- Example 12 p. 258: Every set of vectors
containing the zero vector is linearly dependent.

- -

—> —>
(e.q., C1Vi + CoV3 + -+ + GVt + & 0 = 0 can
besolvedbyc; = --- = ck-1 = 0 and ck being any

nonzer o number)

— Discussion under Example 12 p.258:
Let S; and S; be sets of vectorsin avector space
Vsuchthat S I S (S; isasubset of Sp). Then
e Sislinearly dependent LI S islinearly
dependent,
e Sislinearly independent LI S islinearly
Independent.

TH 6. 4| (- p. 259)

Nonzero vectors va_z) Vk> In avector space V
are linearly dependent if and only if at |east one of

the vectors, Vf can be expressed as alinear

combination of the preceding vectors

— — —>
V1, V2,...Vj-1.
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