6.2 Subspaces
DEF| Subspace (- p. 244)

If

e Wisanonempty subset of avector space V
and

e Wisavector space with respect to the
operationsinV,

then Wis called a subspace of V.

EXAMPLE 1|(- Examplel p. 245)

« Every vector space V contains a zero vector
—> —>
O0.Theset{ 0} formsa subspace of V.

e Visasubspace of itsalf.
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EXAMPLE 2| (- EXAMPLE 2 from the lecture
on Section 6.1)

V - set of all ordered pairs of numbers of the form
(X, —X)
[0 and ® - the usual operationsin R.

V isanonempty (e.g. (1,-1)) subset of R?.
V satisfies all ten properties of a vector space (a),

(B). (@-(h).

Therefore, V is a subspace of R?.

EXAMPLE 3|(- Problem 1 p.243)

V={(xy)|x>0y>0}.
[0 and © - the usual operationsin R?

V i1snot closed under ®, therefore it i1s not a vector
space.

Consequently, V is not a subspace of R?.
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THEOREM 6. 2| - p. 245

If Wisanonempty subset of avector space V with
operations L1 and ©,

then Wis a subspace of V if and only if Wis
closed under both I and ©.

EXAMPLE 4| LetV bethe set of pairs of numbers

(X,y) such that x = 2y with the usual operationsin
R2. Determine whether V is a subspace of R?.
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e Visnonempty (e.g., (2,1))

¢ Visasubset of R°.

e Let U =(xy)and V = (X,y') bein V.
Therefore, x = 2y and x' = 2y’ so that we can
write: U = (2y,y) and V = (2y,Y).

T+V = (2y+2y,y+V) satisfiesthe
condition 2y + 2y’ = 2(y +VY') therefore

U+ VisinV.

Consequently, V is closed under the operation
of vector addition.

o Let T = (xY) = (2y,y) and c beared
number.
cu = ((c)(2y), cy) satisfies the condition
(c)(2y) = 2(cy) therefore cuisinV.
Consequently, V is closed under the operation
of scalar multiplication.

Based on Theorem 6.2, we can concludethat V is
a subspace of R?.
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EXAMPLE 5| Let V bethe set of pairs of numbers

(X,y) such that x = 2 + y with the usual operations
in R?. Determine whether V is a subspace of R?.

V is nonempty (e.g., (3,1))

V is asubset of R?.

Let T = (x,y) and V = (X,y) bein V.
Therefore, x = 2+yand X' = 2+Yy sothat
we can write; U = (2+vy,y) and

V= (2+YLY).

T+V =@Q2+y+2+y,y+Vy) doesnot
satisfy the condition

2+y+2+y =2+ (y+y') therefore 0’ + V
IsnotinV.

Consequently, V is not closed under the
operation of vector addition.

We can conclude that V is not a subspace of R?.

-~ HW Problems 1-4 p. 250
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EXAMPLE 6| (- Example 8 p. 246)

Let A bean mx n matrix. Define

W =

{X | AX = ?Rm} (solution set of the

ﬁ
homogeneous system AX = 0 R™.)

(a)

(B)

W s nonempty:

The trivial solution, O g O W.

W isasubset of R".

Let U and V betwo eementsof W, i.e.,

AT = AV = O

Their sum, U + V, satisfies:

A(?'FV) = A?'FAV = ?Rm +6>Rm = ?Rm
therefore 0 + V. O W.

Let ¢ be areal number, and let U be an

] —
element of W, |.e.,A? = Qrm. The scaar
multiple c U’ satisfies

ACT) = c(AT) = (O rm) = O an.

W s a subspace of R". Wis called the solution
—>
space of AX = 0 gm,or thenull space of A.
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DEF Linear Combination (- p. 247)

If V1,V3,..., Vk are vectorsin a vector space V and
C1,Co,...,Ck arerea numbersthen

— > —
V = CiVi + CoVa + -+ + CkVp

Isavector inV caled alinear combination of
— = —
Vi1,V2, ..., Vk.

EXAMPLE 7|Is(1,3,1) alinear combination of

(0,1,2) and (1,0,-5)7?
Arethere real numbers c,; and ¢, such that

fo\ (1) [ 1)

cil 1 |+¢C 0 3 |?

2/ U3/ (1)

This equation can be rewritten as alinear system:

Oc;, + 1c, = 1
1c; + Oc, = 3
2c1 — 5c, = 1

which can be solved by Gauss-Jordan reduction
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(0 11 ) (1 03 )

1 03 | — | O 11

\2—51) \2—51)

(1 0 3 )
r3—2r1-rs
ik 0 1 1
\0—5—5)
(103 )
R I
L 000

Solution: ¢; = 3,c2 = 1.
Answer: (1,3,1) isalinear combination of (0, 1, 2)
and (1,0,-5).

fo (1) [ 1)

Check: 3 1 [+1] O 3 v

2/ U5/ 1)
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EXAMPLE 8|Is(1,2,—-1) alinear combination of
(1,2,3),(0,1,2), and (-1,0,1)7?

Aretherereal numberscq,c,, and c3 such that

1\ (o) (1) ([ 1)

Ci| 2 +C2| 1 + C3 0 = 2

a) L2) L) a)

This eqguation can be rewritten as alinear system:

1c; + Oc, - 1cq = 1
2c1 + 1c, + Oc3 = 2
3c; + 2¢, + 1cz = -1

which can be solved by Gauss-Jordan reduction
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21 0 2 |8 01 2 o0
32 1-2 | 32 1 -2
(10 -1 1)
r3—3ri1-rs
k- 1 2
L 02 3 -5 |
(10 -1 1)
Rt 1 2 0

\OO 0—5)

The system has no solution.

Answer: (1,2,-1) isnot alinear combination of
(1,2,3),(0,1,2), and (-1,0,1).
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DEF| Span (- p. 248)

If S = {Vsz) Vﬁ} ISaset of vectorsina
vector space V, then the set of all linear
combinations of the vectorsin Sis denoted by

span S= span {V1,V3, ..., Vi)

Instead of asking:
IS v a linear combination of Vf Vo, ..., Vk?
we can ask:

IS vV in the span{v_f,Vz), oy VK ?

In the two recent examples.
« EXAMPLE 7: (1,3,1)isinthe
span{ (0,1,2),(1,0,-5)}
« EXAMPLE 8: (1,2,-1)isnotinthe
span{ (1,2, 3),(0,1,2),(-1,0,1)}
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TH 6. 3| (- p. 249)

If Sisaset of vectorsin avector space V then
gpan Sis a subspace of V.

Read the following Examples in the text:

- Example 11 p. 248
span{(lO()),(OlO)
000 000
000 000
'\ o10 )/ 001}

b 0
-¢| labcdOR
O cd

IS a subspace of M3
- Example 12 p. 249

span{2t2 +t + 2,t2 — 2t,5t2 - 5t + 2,-t2 - 3t — 2}
IS a subspace of P».
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