6.1 Vector Spaces

DEF| Vector Space (- p. 238)

A set V with operations [ and ® such that:
@ U O VisinVforal Uand VinV.
@ UOV=vDOUfordl TadVinV
b TO(VIOW)=(UOV)DW for all
?,7, and W inV

ﬁ
(c) Thereexists 0 inV such that

- -
TO0=00U="uforal WinV
d) For every UinVthereexists- U inV

suchthat?D—?=6>
B co UisinVforal UinVand numbersc,

© co(UIV)=Ccow)I(co V)
foral cinRand W and V in V.

(f) (c+d)®7:(c®?)D(d®?)
foral canddinRand U in V.

(9) c@(d®7)=(cd)®?
foral canddinRand U in V.

(h) 10U = Uforal WinV.
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We say that V is closed under the operation L if
It satisfies property (a).
Likewise, Visclosed under © if it satisfies (3).

EXAMPLE 1|(- Examplel p.239)

V = R" with

[1 - the usual operation of vector addition

® - the usual operation of scalar multiplication
satisfies properties (a), (a)-(d), (B), (e)-(h).

(» Theorem 4.2 p.186)

Therefore it is avector space.
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EXAMPLE 2|LetV beaset of al ordered pairs of

numbers of the form (x,—x), and let [0 and ©® be
the usual operationsin R?.

Verfy (a): taking arbitrary vectorsin V.

T = (x,~x)and V = (X,-X'), we have
VOV =x-X0K,~X)=X+x,-Xx-X)
Since the second element is the negative of the

first, the vector isin V.
Property holds (V is closed under [1.)

Verify (a):

LHS=T 0OV = (x,—x) O (X, X
= (x+Xx,-x—-X)

RHS=V O U = (X,~X) O (X,—X)
= (X' +Xx,—X —X)

LHS = RHSfor all U and V' in V.
Property holds.

The other properties can be shown to hold, too.
V with [ and ® isavector space.
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EXAMPLE 3|LetV beaset of al ordered pairs of

numbers of the form (x,y), and let LI and © be
defined as follows

(xy) O (X,y) = (x+x,y) and

c O (X,y) = (cx,cy).

Obviously (a) holds.

Verify (a):

LHS=T OV = (xy) O (X,Y)
= (x+x.,Y)

RHS=V O U = (X,y) O (xY)
= (X' +XxY)

Generdly, LHS # RHS
Property does not hold.

Consequently,
V with [ and ® is not a vector space.
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Examples of vector spaces from the Text:

- Example 4 p. 240

V = Mys - set of all 2x3 matrices

1, ® - the usual operations of matrix addition and
scalar multiplication

- Example 5 p. 240
V - set of all real-valued functions defined on
[a,b] with [0 and ® defined as follows:

(f0 g)(x) = 1(x) U 9(x)
(O NH(X) = ci(x)

- Example 8 p. 241

V = Py, - set of al polynomials of degree n or less
with [J and © defined as above.

Note that a set of all polynomials of degree
exactly nis not a vector space.
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THEOREM 6. 1| - p. 242

Let V be avector space.
ﬁ
@ OU = O forevery UinV.
- - _
) cO = O foreverycinR.

—> —>
(c) Ifcu = 0 thenc=0or o = O.

(d) (—1)? = —U for every? InV.
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