3.2 Cofactor Expansion

DEF| (- p. 152) Let A = [a;j] be an n x n matrix.

* M denotesthe (n—1) x (n— 1) matrix of A
obtained by deleting itsi-th row and j-th
column.

e det(Mjj) iscalled the minor of a;;.

e Ay = (-1)" det(M;) iscalled the cofactor of
aij.

(1 1 4 )

EXAMPLE 1| For A = 0O -1 2 we have:
\2 3 O)

Ap = (1)1 =(-1)(0-4) =4

Ay = (-1) _i : = ()@2+4) = 6
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TH 3. 9| (- p. 153) Let A = [a;j] beannx n
matrix. Foreachi = 1,...,n,
o det(A) = aitAir + .-+ + ainAin
(expansion of det(A) along the i-th row)
o det(A) = ajAg + - + anAn
(expansion of det(A) along the i-th column)

EXAMPLE 2|In Example2 (- p. 154), the
(12 -3 4 )

. -4 2 1 3
determinant of A = was
30 0 -3
\ 2 0 -2 3 )

found by

e expansion along the third row, and

e expansion along the first column.
We shall illustrate the expansion along the second
column:
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det(A) = apA12 + a2A2 + azAs + anAgp

-4 1 3
=2(-1)3 3 0 -3
2 -2 3
1 -3 4

+2(-D* 3 0 -3 |+0+0
2 -2 3

-2(0-6-18-0+24-9)
+2(0+18-24-0-6+27)
= -2(-9) + 2(15)

48
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TH 3. 10{ (- p. 155) Let A = [ajj] beann xn
matrix. For each1 # Kk,

e 1Akt +ainAm =0

e ajAxt+ - +anAk =0

Outline of the proof:

* Let B bethe matrix obtained from A by
replacing the kth row with the ith row.

e Expand det(B) along its kth row. Since
By = Ay and by = ajj, thisexpansion is
Identical to the LHS of the first formula.

e ByTh. 3.3, det(B) = 0. Thisprovesthefirst
formula (the proof of the 2nd formulais
Identical).
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DEF| (- p. 156) Let A = [a;;] be an n x n matrix.
The adjoint of Aisthe n x n matrix

( Aun Az -+ An \
A Ax - Ap

adj A =

\Aln A2n Ann )

TH 3. 11| (- p. 157) Let A = [ajj] beann xn

matrix. Then
A(adi A) = (adj A)A = det(A)l,

Outline of the proof of A(adj A) = det(A)l:
The (i,))-element of A(ad] A) Is

row;(A) « coI,-(ade) = ai1Aj1 + - @inAjn

| detwy  ifi =
0 ifi # |
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COROLLARY 3. 3| (- p. 158) If det(A) # O then

1 — 1 :
AT = Faay @A

Equivalent conditions (- p.160)

For any n x n matrix A, the following conditions
are equivalent:

1.
2. AX = 0 has only the trivial solution.
3.

e
4. For every nx 1 matrix b, the system

A isnonsingular.

Alisrow equivalent to | .

— : :
AX = b has a unique solution.
det(A) # 0.
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