3.1 Determinants -

Definition and Properties

(- p. 140, 141)

A sequencejs,]2,...,Jn made up of
(rearranged) integers from the set
Sy ={12,...,n} iscaled apermutation of
Sh.

 Therearen! permutations of S,.

e Inversion:j, > jswhenr <s.

e A permutationiscalled odd (even) if it has
an odd (even) number of inversions.
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EXAMPLES n = 2

j1j2 #of inversions
12 0 even
21 1 odd
n=3
j1j2j3  # of inversions
123 0 even
132 1 odd
213 1 odd
231 2 even
312 2 even
321 3 odd
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DEF| (- p. 141)
The determinant of an n X n matrix A is
det(A) = A=y (2)ay,az, - an,

for dl
permutations

of Sy
where the sign of each term is determined as
follows:
« for an even permutation, the signis +, and
e for an odd permutation, thesignis-—.

a a
EXAMPLEN=2: A = aaliis
dp1 A2

|A| = +anax — apan
-3 -1

&0 5 = (=39 -(-DE) =-3
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/ dix dix A3 \
EXAMPLE N =3: A= do1 Ay a3

\ Ad31 Az ass )

|A| = +ay1ax»aszs — ardzsas — apaxnass
+ aipdpzdsl T Aizdrzidzz — dizdeads:
= diidgzeaz3 + Ajpdzzaz; + Aizadzidsze
— dji1dzzdsz — djzdzi1das — dizdzedsi
eg.,
(-1 10 )
A= 1 21
\ 1 -1 1 )

Al = (=D(2)(1) + (D)D) + (O)(D)(-1)
- (01 - HAD(D - (D)D)
-3
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Property (- p.143)
If we interchange two numbers in the permutation

J1,]2, -..,)n then the number of inversionsis either
Increased or decreased by an odd number.

TH 3. 1| (- p.143) |AT| = |A|

TH 3. 2| (- p.144)

If B is obtained from A by interchanging two rows
(or columns) then

Bl = —IA|
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TH 3.3

(- p.145)

If two rows (or columns) of A are equal then

Al =0

TH 3. 4

(- p.145)

If A contains a zero row (or zero column) then

Al =0

TH 3.5

(- p.145)

If B is obtained from A by multiplying arow (or
column) by a number ¢ then

Bl = clA|
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TH 3. 6| (- p.146)

If B is obtained from A by adding a multiple of
one row (or column) to another then

Bl = |A

TH 3. 7| (- p.146)

If Aisan n x nupper triangular (or lower
triangular) matrix then

|A| = a1822---am
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EXAMPLE! Find the determinant of

(0 1 2 )

A= 2 3 -2

\ 3 -1 1)

Transform AtoBbyr; « ra.
TH 3. 2 U det(B) = —det(A).

(2 3 -2 )

B=| 0 1 2

\ 3 -1 1)

TransformBtoChby 2r1 - ra.
TH 3.5 0 det(C) = L det(B).

(1 3 -1 )

2
C=[ 0 1 2

\ 3 -1 1)

Transfoom CtoD by r; —3r; - rs.
TH 3. 6 U det(D) = det(C).
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TransformDtoEby rg+ 3-ra - rs.
TH 3. 6 O det(E) = det(D).

(13 -1 )

2
E=( 0 1 2

\ 0 015)

Matrix E is upper triangular
TH 3. 7 0O det(E) = (1)(1)(15) = 15.

15 = det(E) = det(D) = det(C)
= %det(B) = %(— det(A))

Therefore
det(A) = -30.
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- Example 17 p. 148

TH 3.8

then

(- p.148) If Aand B are n x n matrices

det(AB) = det(A) det(B)

COROLLARY 3. 2| (- p.149)

det(A™?) = etl( e
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