1.5. Solutions of Linear
Systems of Equations

DEF| (- p. 45) Elementary Row Operations
(a) Interchange two rows
i o T
(b) Multiply arow by anonzero constant
Cri — T
(c) Addamultiple of one row to another
ri +Crj - r;

DEF| (- p. 46)

We say a matrix A isrow equivalent to amatrix
B if B can be obtained from A by performing a
seguence of elementary row operations.
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Properties of Row Equivalent Matrices (- p. 46)

(a) Aisrow equivalentto A,

(b) if Aisrow equivalent to B then B isrow
equivalent to A,

(c) if Aisrow equivalent to B and B isrow
equivalent to C then A isrow equivalent to C.

Because of property (b), we can say ”A andB are
row equivalent”.

TH 1. 7| (- p. 50)

Linear systems whose augmented matrices are
row equivalent have the same solutions.

EXAMPLE 1|RecallEXAMPLE 1 from the
Section 1.1 notes.
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2 -1 | -4
3 -2 | -1
%r1—>r1
1 -1 | =2
3 -2 | -1

5 |
2
— —
0 -5 | -7
_%r2—>r2
—1 —
1 -1 ] =2
0 1] 2
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DEF (- p. 44)

Anmx nmatrix isin reduced row echelon form

If it satisfies the following properties:

(a) All zerorows, if any, are at the bottom of the
matrix.

(b) Thefirst nonzero entry in each row (if any) is
al - itiscalled theleading entry of the row.

(c) Theleading entry in any row isto the left of
the leading entry in the following row (if
any).

(d) If acolumn contains aleading entry, all other
entriesin that column must be zero.

A matrix that satisfies properties (a), (b), and (c)

Isinrow echelon form.
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EXAMPLE 2| Which of the matrices below are in
rr.ef.orr.ef.?

(102 ) (100 3 )
011 001 -1
A = B =
000 010 4
L 000 | L 000 0
(0000 )
c=| 1024 D:(11)
0133
L0000
(1005 ) (120 4 )
E=| 020 4 F=| 010 3

\0013) \0010)
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EXAMPLE 3| (- Example5 p. 47)

Use elementary row operations to transform the
matrix

(02 3 -41 )
00 2 34
22 -5 24
L 20-6 97 |

to arow echelon form.

' « I3

(22 -5 24 )
00 2 34
02 3 -41
L 20-6 97 |

1
2r1 — I
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2
00 2 34
02 3-41
L 20 6 97
r4—2r1 — Iy
(1 1-5 12)
0 0 2 34
0 2 3 -41
L 02 -1 73 |
2 o I3
(1 1-5 12)
0 2 3 -41
0 0 2 34
L 02 -1 73 |

1
2I‘2 — r2
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(1 1-5 1 2 )
0o 1 2 -2 3
O 0 2 3 4
\0—2 —173}
Fa+2r> = g
(11 -5 1 2 )
01 2 -2 %
OO0 2 3 4
\OO 234)
ra—rs — r4(Shortcut!)
(11 -5 1 2 )
01 2 -2 %
OO0 2 3 4
\OO OOO)

1
2I‘3 — r3
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5 1 2
01 2 21
00 1 2 2

L 00 0 0 0

TH 1. 5|(- p. 46)

Every matrix isrow equivalent to a matrix in row
echelon form.
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EXAMPLE 4| Solvethe linear system

2y + 3z - 4w = 1

2z + 3w = 4

2X + 2y — 5z + 2w = 4
2X - 6z + 9w = 7

The augmented matrix of this system
(02 3 -4|1)
00 2 3] 4
2 2 -5 2|4
\ 2 06 9|7 )
has been transformed to r.e.f. in EXAMPLE 3:

(11 -5 1] 2 )
01 2 2|1
00 1 3| 2
L 00 0 0] 0

which corresponds to the system:
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X +y - 2z + w= 2
+ 3z - 2w =
z + 2w = 2
0 =20
Back substitution:
w = arbitrary
—2_3
zZ=2 2W
-1_3 - 1_3mp_3
y= 2z+2w > 2(2 2W)+2W
_ 1 _ 9 - _5_. 17
=5 3+4W+2W 2+4W
x:2—y+%z—w
—o_y¢(_5 17 S_ 3 —
=2 (2+ 4W)+2(2 2W) w
_ 5 _ 17 _ 15w =19 _
2+2 4W+5 g W-w 5 Ow

Thisillustrates solving a system by Gaussian
elimination.
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EXAMPLE 5| (- Example 6 p.49)

Use elementary row operations to transform the
matrix

(02 3 -41 )
00 2 34
22 -5 24
L 20-6 97 |

to areduced row echelon form.

Continue from ther.ef. obtained in EXAMPLE 3.

(11 -5 1 2 )
01 2 21
00 1 3 2
L 00 0 0 0

rz—%rg — I
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(11-8 1 2
01 0 -1 5
00 1 2 2
L 00 0 0 o0
i+ 2r3 - r1
(110 & 7))
010 -2 5
001 2 2
L 000 0 0
r—r2 - n
(100 9 2 )
010 -2 5
001 2 2
L 000 0 0
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TH 1. 6|(- p. 49)

Every matrix isrow eguivalent to a unique matrix
In reduced row echelon form.

Recall EXAMPLE 4 with the linear system:
2y + 3z - 4w = 1

2z + 3w = 4
2X + 2y — 5z + 2w = 4
2X - 6z + 9w = 7
Using ther.r.e.f. of the augmented matrix:
(100 9] &)
010 -4 =
001 =2 2
\ 000 0 0 )

Solution: w-arbitrary, X

— -5 17 —n5_3
y==>+5,wz=2 W.
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EXAMPLE 6

X—=3y = -7 1 -3 | -7
2X—6y = 7 (2—6| 7)
r,—2r1 - Iy
X=3y =7 1 -3 | =7
0=21 ( 0 0 | 21)
No solution

A linear system of equations either
(a) hasexactly one solution, or

(b) hasinfinitely many solutions, or
(c) hasno solution.

(@) or (b) - consistent system; (c) - inconsistent
system
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Homogeneous systems ( - p.56-58) are the linear
systems whose right-hand side values are all zero:

anXp +apXs+---+amXn =0

ax1X1 +axXs+ - +amXn =0

amiX1 + amXo + .- +amXn = 0
Such a system either
(a) has exactly one solution:
X1 = Xo = --- :Xn=0
caled thetrivial solution, or
(b) hasinfinitely many solutions: the trivial
solution, aswell as other, nontrivial
solutions.

Note that all homogeneous systems are consistent.

. Th. 1.8 p.57
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