10.3 The Matrix of a Linear
Transformation

Let S= {u_1>,u_2>} be abasisfor avector space V. If

[7]52( o1 )and[Vv)]s=( o )
Co d2

€.
—> —> — —> —>
V= CiU71 + Couz and W = dyjug + douy
then
— —> —> —> —>
aVv +bw = a(CiU; + CoU3) + b(diUz + dou3)

= (ac1 + bd1)u; + (ac, + bd,)us
S0 that

[a7+bw>]s:( acy + bds )

o))
Co dz
= a[ V]s + b[W]s
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We generally have (- p.296)
[CLVi + - + CVi]s = C1[Vi]s+ - + Ci{ Vil s

TH 10. 8| (- p. 452)

LetL : V -~ Whbealinear transformation and et
theset S= {Vs,...,Va} beabasisfor V, and

T = {w_>1, w_f,& be abasisfor W. Then for every
vector X inV

[L(X)]T = A[X]s
where A isthe m x n matrix whose jth column is

[L(V,-’)] 1. Aisthe only matrix with this property -
It is called the matrix of L with respect to Sand T.

MATH 316U (003) - 10.3 (Matrix of Linear Transformation) / 2



Proof
Let [X]s = (C1,...,Cn), i€,
X = CiVi + -+ CaVy

RHS = Al X]s

/01\

([LEDIl-+ L] T)

\ ¢
= Co[L(VD)] T + -+ + Cal L(W)] T
C1L(V7) + -+ + Cal (V)] 7
L(C1VZ + -+ + CaVi)] T

= [LOX)] T

LHS
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EXAMPLE 1| EXAMPLE 2 from the previous

lecture
Consider L : R? - R° defined by

/ X1 \
X1
L( >= X1 + Xo :
X
’ \x1+2x2 )

(a) Findthe matrix of L with respect to the bases
{(1,1),(1,-1)} and
{(1,0,0),(1,1,0),(2,1,1)}.

(b) Usethe matrix obtained in (a) to evaluate

_2 _
L(( 2 ). Evaluate the same expression

directly.
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1 /1\
(@M@zu(l>: 2
\ 3/

(1)

L(U3) = L(( fl )) =| 0
\ 1)

(11171 1)
0112 0
\001 3—1)

(100 -1 1)
hasr.r.ef. 010 -1 1
\OOO 3—1)

(-1 1)

A= -1 1

\ 31
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(b)

1 1| - 10| 4
|2 hasr.r.ef. 3
1 -1 3 01| =
) 1
Therefore | . |s = _é .Usethe
2

matrix A:
. (1 1), .
[L(( 3>)]T: -1 1 (2)
A
[ =3 )
=| -3
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—2

(%)

(1)
--3| o
\ 0
(2
=1 1

\ 4

Evaluating directly:

(7% )
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(1)

\ 0/

—2
-2+3

\ —2+2(3) )

\

(1)

L1

(=2 )

L4



