10.2 The Kernel and Range

DEF| (- p. 441, 443)

LetL : V — Wbealinear transformation. Then

(a) thekernel of L isthe subset of VV comprised
of all vectors whose image is the zero vector:

kerl = {V | L(V) = 0}

(b) therange of L isthe subset of W comprised
of all images of vectorsin V.

rangeL = {W | L(V) = W}

DEF| (- p. 440, 443)

LetL : V - Whbealinear transformation. Then
(a) Lisoneto-oneif vy # vz O L(V1) # L(V3)
(b) LisontoWifrangeL = W.
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EXAMPLE 1

LetL : R® — RS bedefined by
L(X,y,2) = (X,Y,0). (Projection onto the xy-plane.)
* kerl ={(xy,2)[(xy,0) = (0,0,0)}
ker L consists of (X,Y, 2) that are solutions of
the system

X =0
y =0
zisarbitrary,andx =y = 0.
kerL =span{(0,0,1)}.
« rangelL =gspan{(1,0,0),(0,1,0)}.

e L isnot one-to-one (e.qg.,
L(1,2,3) = L(1,2,5) = (1,2,0).)

e Lisnotonto(rangeL # R3).
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TH (- Th. 10.4 p. 442, Th. 10.6 p. 443)

LetL : V — Whbealinear transformation. Then
o KkerL isasubspace of V and
e range L isasubspace of W.

TH 10. 5| - p. 443
A linear transformation L is one-to-one if and

_ —
onlyifkerL ={ 0}.
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EXAMPLE 2
LetL : RZ - R3bedefined by

/X1 \

L( il )2 X1 + Xo :
’ \ X1+ 2% )
/X1 \ /0\

X1
{( )I X1 + X2 =1 0 |}

X2
2o ) {0

Solve the system of equations:

X1 =0
X1 + Xo =0
X1 + 2% =0

Coefficient matrix:
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(10 ) (10 )

1 1 hasrref.| 0 1

12 \ 0 0
kerL = {(0,0)}. By Theorem 10.5, L is
one-to-one.

/ X1 \

range L = { X1+ Xo |for all X1,X2}

={x1| 1 |[+x2f 1 [|[|fordl xq,x2}

\ 1) 2

=span{(1,1,1),(0,1,2)} # R’

basis for range L
[1 Lisnotonto
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EXAMPLE 3|LetL : R® - R2be defined by

/X1\

L X =(i1:§2>.
\X3) 2 3
e KkerL =

/Xl\ X1 + X 0
HEIEH
\ % )

The homogeneous system coefficient matrix:

1 10 1 0 -1
hasr.r.ef.
(Oll) (Oll)

Xz Isarbitrary, X = X3,X2 = —Xa.
kerL =span{ (1,-1,1)}

basisfor ker L
Th. 10.5
kerL # {(0,0,0)} U L isnot one-to-one.
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X2 + X3

o))
0 1 1

all X1,X2,X3}
Find a basisfor range L = span
{(1,0),(1,1),(0,1)}:

1 10 1 0 -1
hasr.r.ef.
(Oll) (Oll)

[ range L = span {gl, 0), (1, 12} .

+
rangeL = ( X1T X >|forallx1,x2,x3}

basis for range L
rangeL = R? O L isonto.
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Note that in EXAMPLE 3 weusedr.r.e.f.

1 0 -1
of the homogeneous system
011

. . 1 10
coefficient matrix A = to
011

determine both the kernel and therange of L. In
this case, we had:

e kerL =null space of A

e rangelL = column space of A

Recall Th. 6.12 p. 288:
If Aisan mx n matrix then

rank A + nullity A = n.

TH 10. 7| - p. 446

LetL : V - Whbealinear transformation. Then
dim(kerL) + dim(rangeL) = dimV
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EXAMPLE 4|(- EXAMPLE 1 from the previous

lecture)
L : P>, —» Psisdefined by
L(at® + bt + c) = ct3 + (a+ bt.
e kerL ={at?+bt+c|ct®+ (a+b)t = 0}
Set up the homogeneous equation:

c =20

0O =0

a + b = 0

0O =0

The coefficient matrix
(001 ) (110 )
00O 001
hasr.r.ef.

110 00O
\OOO) \OOO)

bisarbitrary; c = 0; a = —h.
ker L = span {—t2 + t}.
ker L # {0} O L isnotone-to-one.
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e rangelL = {ct3 + (a+ b)t|for all a,b,c}
= {a(t) + b(t) + c(t3) [for Al a,b, c}
=span{ tt° }

—
basis for range L
rangeL # P3 I L isnot onto.

Verify Th. 10.7 for the four examples:

EX L:V - W dm(kerL) dim(rangeL) dimV
1 L:R - R 1 2 3
2 L:R* - RS 0 2 2
3 L:R® - R? 1 2 3
4 L:P; - P3 1 2 3

e dim(kerL) =nullity of L
e dim(rangelL) =rank of L.

COROLLARY 10. 2| - p. 443

LetL : V -~ Whbealinear transformation and
dmV = dimW. L isone-to-oneif andonly if L is
onto.
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