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Using JavaScript, the stability of autoregressive moving-average models (ARMA)
models are studied. ARMA models are used in areas such as: approximating differential
equations, econometrics, studying the stability of state-space systems, and modeling the

input-output relationships and designing control laws in systems engineering.

In undergraduate (and graduate) courses, when ARMA models are studied, the time-
invariant case is usually considered-where the coefficients of the systems are constant
functions of time. In this paper, a program is written to allow students to study the
stability of such systems where there are perturbations in the coefficients-thus creating a
time-varying system. The bounded-input bounded-output (BIBO) stability of the system
will be studied by observing the output of the system and well as computing the time-

varying zeros [1], [2] of the system.

Our goal will be to show that even small perturbations in the coefficients of AMRA
models can lead to large changes in the outputs of the equations. Hence students need to
be aware of the need for accuracy in deriving their models and the affects of noise in the

systems.

We shall look at single-input single-output (siso) systems of the form:

Y+ Y e, (0y(k— ) =u(k) (1)
=1



To study the stability of systems of the form (1.1) we will use an operational algebra for
time-varying systems which is described as follows: Where a(k)elR V keZ define the
operators Z'eand z'o [1], [2] by

2z ea(k)=a(k —i) (1.2)

and
27 oak)=a(k —iz" (1.3)

Using these operators (1.1) may be written in the form

1+ a, (k)2 7)o yik) = (k) (14)
=1

Factor the time-varying polynomial defined by the left-hand side of (1.4) (such a

factorization exists generically) into a product of 1% order linear factors as follows:
1+ Zanfj Kz =(1-6,(k)z")o(1-8,(K)z")o---0(1-5.(k)z™") (1.5)
j=1

Where 0, (k) e RVk e Zi=1...n. The J,(k) are called the time-varying poles [2] of the

n™ order polynomial (1.5).We now relate the BIBO stability of time-varying difference

equations to their time-varying poles:

Theorem 1.1 ([1], [2]): A sufficient condition for a difference equation (1.1) to be BIBO

stable is that its time-varying poles satisfy the condition |5i (k)| <o0<1i=1,2,...,n

vk eZ.

Note 1: Theorem 1.1 is a generalization of the time-invariant result: a siso ARMA system

is BIBO stable if all its roots lie inside the open unit disk.

Note 2: Unlike the time-invariant case, the stability of a time-varying system does not
require all it’s zeros to be bounded inside the unit disk at all times. As this goes beyond

the scope of this paper, I refer the interested reader to [1] and [2].

Here we shall study 2" AMRA systems of the form
y(&)+[oa ]+ [pi]Ty(k-DH oo ] Hp2]ly(k-2)=[[B1 ]+ [ps]Tu(k) (1.6)



where a, 0, and B; are constants and p;, p», and ps are perturbations which are defined
by:

pi=Math.random()*p; — P (1.7)

2

where Math.random() is a randomly generated number between 0 and 1 for each time k.

ARMA systems of the form (1.6) have coefficients which are time-varying perturbations

of time-invariant coefficients.

The program interface is shown in Figure 1: the outputs are the y(k) values for y(0)
...y(number of iterates), and zeros1 and zeros2 are the time-varying zeros described

above.

yo+o o DykenHp [Ho Dyk2=(o o Puk)

y(-1)= number iterations=
y(-2)= Outputs Zeroesl Zeroes2

Figure 1-The Basic Program Interface
In this program initial values of the zeros were given as 1.
The first problem we look at is the system

y(K)-1.5y(k-1)+.56y(k-2)=0 (1.8)



with initial conditions y(-1)=10 and y(-2)=3. As is easily shown by geometric series, the
output decays to 0. As shown in Figure 2 the time-varying zeros converge to the true

zeros of .7 and .8.

y+H(LS |40 DyeDH([56 [+ Dyk2=(0 [+ huk)

y(-1)= number iterations=
y(-2)= Outputs Zeroesl Zeroes2

?D.DD42895512254003 | | 0.6993735262808972 |~ | 0800264737 10028 ;'_‘ |

Al | | 0.690452264431143 ' |0.800547735568857 :

|0.0034328027695682 | 0.698521059293326 | 0.3004738407 0BET 4

|7 ;0.599581111620518 ' |0.800418822379482

|0.0027470554681252 | 06986337221 74642 50_30035527?325353

|4 | 0.6O0BTIREI5T 2562 |0.800320346427448

1000219821 36512341 | | 0.68971980807 3686 | | 0.80028019092631 4
_ |2 | ?0.599?54918??6394 20_800245081223608

;D.DD11589694146993 | | 0.698785619605107 50_300214330394393

|7 | 0.6A081 2467408607 [0.800187532591393

ED.DDMDNSM??BS?Q | 0.699835947438034 | 0.800164052560965

5 |0.RY99856483430470 ] |0.8001 43516560521 |

|0.0011261588438052 | || 20.6998?44455334?6 i [0.8001 25554466524 i

|7 || |oBosssoisTososTe | || |oso0iooes2oioizz |

10.0009010637533874 ;: | 0.69590390064 04561 |0.300096099359439

;59 50.699915923160154 | | 0.800084076239845

Figure 2-A Stable System with Time-Invariant Coefficients

We next look at the system
y(k)-1.5y(k-1)+.56y(k-2)=1 (1.9)

with the same initial conditions. The result, as shown in Figure 3, shows the output

converging to16 % .



y(k)+H(|-1.5 |+

y(-1)=
y(-2)=

Dy(k-D+([.56 |+ Dyk-2)=(1 [+ Duk)
number Iiterations=
Outputs Zeroesl Zeroes2

| 16675064 5642067 .
| 16.6741162987503
| 16.6726342021587
| 16.6714463108544
| 16.6704042628165
| 16,6697 314600903
| 16.6631204029582
| 16.668630936T068
| 16.6682390545236
| 16.6679252291847
:16.56?6?39?32439
| 16.66747283156224
|1B.6E7311822267

| 16.6EY182947748

|1B.6E7OTAB011525
| 16.6669872509893

;D.EQQS?BSQEESQQTE
|0.699452264431143
| 0.6A8521059293326
|0.689581177620518
|0.GOOB33T221T4642
20.6996?96535?2552
| 0.6897 1830807 3636
|0.699754918776394
|0.69078561 8605107
50.69981246?40860?
| 0.689335047430034
| 0.6998564834308479
;D.6998?44455334T6
| 0.6988901 57080878
50.699903900540561
|0.639915923160154

Figure 3-A Nonzero Input

| 0.800626473710028
| 0.800547 735568857
[0.800478940706674
|0.800418822370452
|0.800366277925358
|0.600320346427448
| 0.8002830190926314
| 0.BO0245081 223606
|0.8002143803094893
|0.800187532591393
| 0.8001 64052560966
| 0.8001435165680521
| 0.8001 25554466524
|0.800109842919122
| 0.800096033359439
|0.800084076539846

Next we show how small changes in the coefficients can lead to large relative changes in

the outputs.

y(k)-1.51y(k-1)+.56y(k-2)=1

(1.10)

By changing the coefficient of y(k-1) from -1.5 to-1.51 the output now converges to 20,

instead of 16 % (Figure 4). A less than 1% change in the coefficient of y(k-1) leads to a

20% change in the output.
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number iterations=

Outputs

|20.0172828114699
| 20.0147706733658
|20.0126389300083
|20.0108081793782
|20.0092425445118
|20.007303661 7611
| 20.00B7 587043326
| 20.0057 79532956

|20.0048423100374
| 20.004226317 46

|20.0036140452397
|20.0030904705344
520.002642?451?25
| 20.0022588817114
;20.00193248408?5

|

Zeroesl

|0.B543676T9930754
| 065486041 2475717
| 0.654870739241447
50.6548?’1?5529842?
|0.654872533412144
| 065487 3129306116
50.6548?3585553545
| 0LB5487 3935133805
|0 B54ET42027 73464
|0.654874407737752
| 065487 4564704012
|0.654874634912354
| 0.6548T47TEITOETS
|0.6548743474T1077
| 0654874901 461834
éU.6548?4942809402

Zeroes2

|0.858513232001 9246
|0.85513056874624283
| 0.8551209260758553
|0.855128244701473
!U.BSS‘]EHEESBTBSS
| 0.8551 26870693883
| 085512641 4346454
| 0.8551 26064866105
|0.855125797226536
|0.885125592262248
:U.855125435295989
|0.858512531 5087646
|0.855125223029325
[0.855125152420023
|0.855125098535066
|0.8551 25057130598

Figure 4-A Small Change in the Coefficient of y(k-1) Leads to Large Changes of Output

Finally we introduce a small amount of noise (+.05*Math.random()) on the coefficients
of y(k-1) and y(k-2). Figure 5 shows how the output now diverges to infinity and that the
zeros are outside the unit disk. Hence even small time-varying perturbations in the

coefficients of a stable time-invariant system can cause it to become unstable.



yH(FLS [+[1 Dyk-DH([56 [+H1 0 Dyk-2y=(t |+
y(-1)= number iterations=
— Y

y(-2)= Outputs Zeroesl Zeroes2
[23635.0152201705 |0.3724364003708208 |~ | |1.3340926976138
| 32016.6910025349 |0.3425455752481349 |1.35456420153824
542889.66?3480?31 |0.3133396407 43862 11.33055701679053
| 53105.6995310086 |0.333173784122315 |1 23815847262488
|BEESS. 7725125402 |0.252515718402081 |1.28519946558307
| 81797 5E8R23944 |0.358807 2845915649 |1.22706720630222
[100103.775034855 ;0.351081443?654 [1.22372003407723

_ 1122401 45725554 |0.36281706994693 i1_222?30034nu445
| 184626.316280476 |0.3707E7555630248 |1 2632550673567 2
| 200797.035755177 |0.327214688550603 |1 2985356740755
§2618?2.11190403 |0.354488304516353 |1.30415557052506
| 360453 916EO6T 26 1033021 7207517367 ;1_3?544442545394
| a03101.340063354 |0.357192722201767 [1.39573958926092
| ARRASS. 76924014 50.3392539??5?81?9 11.3280647 31166
| BB2060.033823748 |0.32866T452658147 [1.28924115106755
| 1020920.67 746341 [1.18427843807082

|0.3779999751 78271

Figure 5-A Small Amount of Noise is Added to the System
Conclusion:

This program allows students to check that small disturbances in the coefficients of
systems can alter the stability and convergence properties of the system. The study of the
affects of such noise is generally covered in upper level undergraduate courses in

numerical analysis and engineering courses.
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