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 P a p e r  

C o m p u t e r  a l g e b r a  s y s t e m s  a r e  c a p a b l e  o f  s o l v i n g  m a n y  p r o b l e m s  t h a t  a r i s e  i n  
l i n e a r  a l g e b r a .   T h e  a u t h o r s  h a v e  d e v e l o p e d  a  c o m p l e t e  s e t  o f  c o m p u t e r  l a b o r a t o r y  
p r o j e c t s  u s i n g  M a p l e  i n  l i n e a r  a l g e b r a .   T h e s e  “ h a n d s  o n ”  e x e r c i s e s  d e m o n s t r a t e  M a p l e ’ s  
a b i l i t y  a n d  v e r s a t i l i t y  i n  s o l v i n g  a  w i d e  v a r i e t y  o f  a p p l i c a t i o n s .   T h e  p r o j e c t s  p r o g r e s s  
f r o m  p r e c a l c u l u s  m a t h e m a t i c s  t o  t r a d i t i o n a l  l i n e a r  a l g e b r a  t o p i c s  a n d  t h e n  a p p l i c a t i o n s .   
T h e  s e q u e n t i a l  t i t l e s  o f  t h e s e  p r o j e c t s  a r e :  
( 1 )  G e t t i n g  S t a r t e d  w i t h  M a p l e ,  ( 2 )  F u n c t i o n s ,  ( 3 )  M a t r i x  O p e r a t i o n s ,  ( 4 )  M a t r i x  F o r m  f o r  
L i n e a r  S y s t e m s  o f  E q u a t i o n s ,  ( 5 )  R o w -R e d u c e d  E c h e l o n  F o r m  f o r  M a t r i c e s ,  ( 6 )  K e r n e l  
a n d  R a n g e  o f  L i n e a r  S y s t e m s ,  ( 7 )  D e t e r m i n a n t s ,  ( 8 )  E i g e n v a l u e s  a n d  E i g e n v e c t o r s ,  ( 9 )  
M a t h o d  o f  L e a s t  S q u a r e s  F i t t i n g  t o  D a t a ,  ( 1 0 )  I n t r o d u c t i o n  t o  L i n e a r  P r o g r a m a m i n g ,  ( 1 1 )  
M a r k o v  C h a i n s ,  ( 1 2 )  O t h e r  A p p l i c a t i o n s .  

T h e  M a p l e  s o f t w a r e  h a s  s e v e r a l  p a c k a g e s ,  o n e  o f  w h i c h  i s  “ l i n a l g ” ,  t h e  l i n e a r  
a l g e b r a  p a c k a g e .   S e v e r a l  o f  t h e  f u n c t i o n s  ( c o m m a n d s )  i n  “ l i n a l g ”  w i l l  b e  d i s p l a y e d  i n  
s o l v i n g  s e l e c t  a p p l i c a t i o n s  o f  l i n e a r  a l g e b r a .   M a p l e  i n p u t  c o m m a n d s  a r e  s h o w n  i n  b o l d  
w i t h  “ p r o m p t ”  s y m b o l s  p r e c e d i n g  t h e m .   N o t e :  I n  M a p l e ,  c o l o n s  a t  t h e  e n d  o f  a  c o m m a n d  
l i n e  s u p p r e s s e s  o u t p u t ,  w h e r e a s  s e m i -c o l o n s  a r e  f o r  d i s p l a y i n g  o u t p u t .  
 

F r o m  P r o j e c t s  4 , 5 :  S o l v i n g  S y s t e m s  o f  E q u a t i o n s  
L o a d  M a p l e ’ s  l i n e a r  a l g e b r a  p a c k a g e ,  w h i c h  i s  n e c e s s a r y  t o  u s e  l i n e a r  a l g e b r a  f u n c t i o n s .  
>   with(linalg); 
S o l v e  t h r e e  e q u a t i o n s  i n  t h r e e  u n k n o w n s  u s i n g  G a u s s i a n  e l i m i n a t i o n .  
>   e q u atio ns : = [ x -2 * y = 5  ,  3 * x + y -3 * z = -1 1  ,  6 * y + 3 * z = 0 ] :  
>   A b : =  ge nm atr ix (e q u atio ns  ,  [ x , y , z ]  ,  f lag); 
>   G : =  gau s s e lim (A b ); 



>   solution:= backsub(G); 
F o r  t h e  l i n e a r  s y s t e m  o f  e q u a t i o n s  a b o v e ,  e n t e r  t h e  c o e f f i c i e n t  m a t r i x  a n d  r i g h t -h a n d  s i d e  
v e c t o r ,  s e p a r a t e l y .   T h e n  s o l v e  u s i n g :  ( 1)  l i n s o l v e  f u n c t i o n ,  ( 2)  i n v e r s e  o f  A ,   
( 3)  r o w -r e d u c e d  e c h e l o n  f o r m  o f  [ A |  b] .     
>   A := ar r ay ([ [ 1 , -2 , 0 ]  ,  [ 3 , 1 , -3 ]  ,  [ 0 , 6 , 3 ] ] ): 
>   b:= v e ctor ([ 5 , -1 1 , 0 ] ): 
>   x := linsolv e (A , b); 
>   x := e v alm (inv e r se (A ) & *  b); 
>   r r e f (aug m e nt(A , b)); 
 
F r o m  p r o j e c t  9 :   M e t h o d  o f  L e a s t  S q u a r e s  
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F i n d  t h e  l e a s t  s q u a r e s  ( r e g r e s s i o n )  l i n e  y =  b0 +  b1x t o  t h e  d a t a  a b o v e  u s i n g :   
( 1)  t h e  l e a s t  s q u a r e s  f o r m u l a ,  ( 2)  l i n a l g ’ s  le astsq r s f u n c t i o n  
>   w ith (linalg ) : 
>   X :=m atr ix ([  [ 1 , 0 ]  ,  [ 1 , 1 ]  ,  [ 1 , 2 ]  ,  [ 1 , 3 ]  ,  [ 1 , 4 ]  ] ) : 
>   Y := v e ctor (5  ,  [ 5 , 4 , 7 , 8 , 8 ] ) : 
>   B := inv e r se (m ultip ly (tr ansp ose (X ) ,  X )) & *  tr ansp ose (X ) & *  Y  : 
>   e v alm (% ) ;  
>   le astsq r s(X , Y ) ; 
G r a p h  t h e  d a t a  p o i n t s  a n d  e s t i m a t e d  r e g r e s s i o n  l i n e  o n  t h e  s a m e  a x e s .   T h e  “ p l o t s ”  
p a c k a g e  i s  n e e d e d  f o r  t h e  d i s p l a y  f u n c t i o n  a n d  t h e  “ s t a t p l o t s ”  p a c k a g e  i s  n e e d e d  f o r  
s c a t t e r p l o t .  
>   w ith (p lots) : 
>   w ith (statp lots) : 



>   xdata:= [0,1,2,3,4] : 
>   y data:= [5 ,4,7 ,8 ,8 ] : 
>   P o i n ts := s c atte r p l o t( xdata , y data)  : 
>   L i n e := p l o t( 4. 4 +  x , x=-1. . 5  , y =--1. . 10 , c o l o r =r e d)  : 
>   di s p l ay ( { P o i n ts  , L i n e } )  ;  
 

F r o m  p r o j e c t  1 0:    L i n e a r  P r o g r a m m i n g  
M a x i m i z e  Z =  3 x +  5 y 
s u bj e c t  t o :   x         ≤  4  

      2 y ≤ 1 2  
  3 x +  2 y ≤ 1 8  

a n d        x≥0 ,  y≥0 
T h e  “ s i m p l e x ”  p a c k a g e  h a s  m a n y  f u n c t i o n s  f o r  u s e  i n  s o l v i n g  l i n e a r  p r o g r a m m i n g  
p r o bl e m s .   U s e  i t s  f e as i b l e  c o m m a n d  t o  c h e c k  i f  a  s o l u t i o n  t o  t h e  a bo v e  p r o bl e m  e x i s t s .  
>   w i th ( s i m p l e x)  ;  
>   c o n s tr ai n ts := [x< =4 , 2* y < =12 , 3* x+ 2* y < =18 ] : 
>   f e as i b l e ( c o n s tr ai n ts  , n o n n e g ati v e )  ;  
P l a c e  t h i s  p r o bl e m  i n t o  m a t r i x  f o r m  v i a  a  s i m p l e x  t a bl e ( i n c l u d i n g  s l a c k  v a r i a bl e s  _ S L 1 ,  
_ S L 2 ,  _ S L 3 )  a n d  m a n u a l l y  a p p l y  t h e  s i m p l e x  a l g o r i t h m .  
>   w i th ( l i n al g )  : 
>   A := m atr i x( 4,5 , [1,0,1,0,0, 0,2,0,1,0, 1,2,0,0,1, -3,-5 ,0,0,0])  ;  
>   b := v e c to r ( 4, [4, 12, 18 , 0])  ;  
>   T := au g m e n t( A ,b )  ;  
f i r s t  i t e r a t i o n :  y  i s  t h e  e n t e r i n g  n o n -ba s i c  v a r i a bl e  a n d  _ S L 2  i s  t h e  l e a v i n g  ba s i c  v a r i a bl e .  
M u l t i p l y  r o w  2  by  ½  s o  t h a t  p i v o t  e l e m e n t  be c o m e s  1 .   C o n v e r t  a l l  o t h e r  e l e m e n t s  i n  t h e  
p i v o t  c o l u m n  i n t o  0 u s i n g  l i n a l g ’ s  p i v o t c o m m a n d  ( “ s i m p l e x ”  p a c k a g e  h a s  p i v o t a l s o ) .  
>   te m p := m u l r o w ( T  , 2 , 1/ 2)  ;  
>   T 1:= l i n al g [p i v o t]( te m p , 2 , 2)  ;  



second iteration:  x is entering  v ariab l e and _ S L 3  is l eav ing  v ariab l e.  
>    T2:= pivot(mulrow(T1 , 3 , 1/3) , 3 , 1) ; 
F inal  sol u tion f rom  resu l ting  tab l e:  M ax im u m  Z =  3 6  occu rring  at ( x ,  y )  =  ( 2  ,  6 )  .      
T h e “ sim p l ex ”  p ack ag e h as th e f u nctions ma x imiz e  and min imiz e  f or sol v ing  l inear 
p rog ram m ing  p rob l em s directl y .  
>    Z := 3* x + 5 * y  : 
>    x y := ma x imiz e (Z  , c on s tra in ts ) ; 
>    s ub s (x y  , Z ) ; 
 
F rom  p roj ect 1 1 :   M ark ov  C h ains 
A  sq u are m atrix  can rep resent a transition m atrix  f or a M ark ov  ch ain ( p rocess)  if  its 
col u m ns each  su m  to 1 .  
>    with (lin a lg ) : 
>    T:= ma trix (3,3, [ [ 0 . 8 5 , 0 . 10 , 0 . 0 5 ]  , [ . 0 5 , . 8 0 , . 0 5 ]  , [ . 1, . 1, . 9 ] ] ) ; 
V erif y  th at 1  is an eig env al u e of  T ( th ree w ay s) .  
>    I d := a rra y (1. . 3, 1. . 3, id e n tity ) ; 
>    roots ( d e t( ma ta d d ( s c a la rmul(I d  , la mb d a ) , T) ) ) ; 
>    s olve (c h a rpoly (T , la mb d a )) ; 
>    e ig e n va ls (T) ; 
T o f ind th e steady -state v ector ( x )  of  th e M ark ov  p rocess,  one m u st sol v e Tx =  x ,  or 
determ ine th e eig env ector associated w ith  th e eig env al u e λ  =  1 .   T o b e a state v ector,  th e 
su m  of  its el em ents m u st eq u al  1 .  
>    e ig 1:= n ulls pa c e (T - I d ) ; 
>    e ig 1ve c tor:= a ug me n t( op(e ig 1) ) : 
>    x := mulc ol( e ig 1ve c tor , 1 , 1/( s um( e ig 1ve c tor[ i,1]  , i=1. . 3) ) ) ;  
 


