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A lot has been said about the use of the graphing capabilities of calculators in mathematics classes.
This presentation, however, focuses on the use of the symbolic capabilities of the TT 89 and TI 92.
The calculators’ ability to do algebraic manipulations in symbolic form provides many opportunities
for students to generate examples and explore patterns in higher level mathematics courses. In
particular, this presentation looks at an activity for Number Theory.

Fibonacci and Lucas Numbers

Most mathematics students are familiar with the Fibonacci sequence, which begins with the “seeds”
F; =1, F5 = 1 and later terms are defined in an iterative manner with F,, ;o = F, + Fj,+1. The
beginning of the sequence is

1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, ...

Many students may not be aware of the Lucas numbers, which form a sequence similar to the
Fibonacci numbers. The only difference is in the seed numbers used to start the sequence; rather
than 1 and 1, 1 and 3 are used. The same iterative definition is followed for subsequent terms:
Lypyo =L, + Lypy1. The beginning of the Lucas Numbers sequence is

1,3, 4,7, 11, 18, 29, 47, 76, 123, 199, 322, ...

Make a sequence by looking at the ratios of consecutive terms of the Fibonacci sequence:

Fn+1

F,
This sequence will converge to the Golden Ratio:
1++5
5
In addition, the similar sequence formed from ratios of consecutive terms of the Lucas numbers will

also converge to the Golden Ratio. With this in mind, we will use the TT 89/92’s expand command
to investigate powers of the Golden Ratio and its algebraic conjugate.
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The following programs for the TT 89/92 will display the powers of a and b in exact form:
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The first few outputs for the powers of a are

FIE FAD AT FUNC [ |

while the first few outputs for the powers of b are

FIE RAD AOTO FUNC IF AU :E]

The patterns will emerge when the results are put in the form

c:l:\/g.
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n a™ b"
1 1+5 1-v5
2 2
9 3+v5 3—/5
2 2
3 4425 4-2\/5
2
4 7+3v5 7—3v5
2 2
5 114+5v5 11-5v/5
2
6 18485 18—8v/5
2 2
7 294135 | 29—-13v5
2 2




From this, we can see that

“@ = 2
bn — Ln - F‘n\/5
72 .

As an exercise, this pattern can be proven for all n > 1 using induction.

From this, we can derive the Binet formulas for F,, and L,,

a — by,
" a—b
L, = d"+b"

As an extension, we can define a Fibonacci-type sequence S,, with the iterative definition
Sny2 = ¢Sy +dSpq

where ¢ and d are arbitrary non-zero integers. In this general case, if we look at the sequence of
ratios of the consecutive terms, we will also have a limit
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For example, choose ¢ =1, d = 3 and let the seeds be 1 and 1. The iterative definition is

Sn+2 = Sn+3sn+1

and the first terms of the sequence are
1, 1, 4, 13, 43, 142, 469, ...

and the limit of the consecutive terms is

3413
—

Using the TI 89/92, we find that the consecutive powers of this limit are
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Thus the powers of e seem to fit into the pattern

P T, + U,V/13
- 2

where T;, and U, are Fibonacci-type sequences that both fit satisfy the iterative definition of .S,.
Further Questions

1. Can the conjecture about T;, and U,, above be proven using an inductive argument?

2. Given integers ¢ and d, expand the powers of
d+~d? + 4c
5 .

Will these powers have coefficients that are Fibonacci-type sequences of the form S,1o =
cSp + dSp+1?

3. Can the seeds for the sequences you arrive at from the expansion of

d+Vd? +4c
2

be determined in terms of ¢ and d?



