
Discovering Geometry 
U sing Geometer’s Sketchpad 

 
Cheryl Olsen 

D ep a rt m ent  o f  M a t hem a t i c s &  Co m p u t er S c i enc e 
S hi p p ensb u rg  U ni v ersi t y 
S hi p p ensb u rg ,  P A  1 7 2 5 7  

c lo lse@ shi p . ed u  
 

 
 
 
A B S T R A CT  
 
Geometer’s Sketchpad i s  a n  e a s y -to -u s e  d y n a m i c  c o n s tr u c ti o n  a n d  e x p l o r a ti o n  to o l  f o r  u s e  i n  a  
v a r i e ty  o f  c l a s s e s .  U s i n g  Sketchpad ,  s tu d e n ts  d i s c o v e r  p a tte r n s ,  f o r m u l a te  c o n j e c tu r e s ,  a n d  
v e r i f y  th e i r  c o n j e c tu r e s  b y  c r e a ti n g  s m a l l  e x a m p l e s .  S tu d e n ts  th e n  g e n e r a l i z e  th e i r  j u s ti f i c a ti o n s  
to  p r o v e  a  g e o m e tr i c  r e l a ti o n s h i p .  T h i s  p a p e r  p r e s e n t s  tw o  e x a m p l e s  o f  g e o m e tr i c  e x p l o r a ti o n s  
u s i n g  Sketchpad. 
 
 
 
I N T R OD U CT I ON  
 
Geometer’s Sketchpad i s  a  d y n a m i c  c o n s tr u c ti o n  a n d  e x p l o r a ti o n  to o l  th a t e n a b l e s  s tu d e n t s  to  
e x p l o r e  a n d  u n d e r s ta n d  m a th e m a ti c s  i n  w a y s  th a t a r e  n o t p o s s i b l e  w i th  tr a d i ti o n a l  to o l s .  
Sketchpad e n c o u r a g e s  a  p r o c e s s  o f  d i s c o v e r y  i n  w h i c h  s tu d e n ts  f i r s t v i s u a l i z e  a n d  a n a l y z e  a  
p r o b l e m ,  th e n  m a k e  c o n j e c tu r e s  b e f o r e  a tte m p ti n g  a  p r o o f .  S i n c e  Sketchpad i s  e a s y -to -u s e ,  
s tu d e n ts  a r e  f o c u s e d  o n  th e  e x p l o r a to r y  a c ti v i ty . 
 
G e o m e tr y  c o u r s e s  f o r  s tu d e n ts  i n te n d i n g  b e  te a c h e r s  a t a n y  l e v e l  ( e l e m e n ta r y  th r o u g h  h i g h  
s c h o o l )  a r e  i d e a l  c o u r s e s  i n  w h i c h  to  i n te g r a te  Geometer’s Sketchpad.  T h e  s o f tw a r e  i s  e a s y  to  
u s e ,  a p p r o p r i a te  f o r  a  d i s c o v e r y  a p p r o a c h  to  u n d e r s ta n d i n g  g e o m e tr i c  i d e a s  a n d  c o n c e p ts ,  a n d  
e n c o u r a g e s  c r e a ti v i ty ,  d e e p e r  i n s i g h t,  a n d  c o o p e r a ti v e  w o r k  i n  p r o b l e m  s o l v i n g .  T h i s  s o f tw a r e  
m a k e s  i t p o s s i b l e  to  d i s p l a y  a n d  p e r f o r m  c a l c u l a ti o n s  o n  g e o m e tr i c  o b j e c ts  i n  a  m a n n e r  th a t 
w o u l d  b e  ti m e  c o n s u m i n g  w i th  p e n c i l  a n d  p a p e r .  U s i n g  th i s  p r o g r a m  to  e x p l o r e  g e o m e tr i c  
r e l a ti o n s h i p s  a n d  f o r m u l a te  c o n j e c tu r e s  i s  i n  l i n e  w i th  th e  N a ti o n a l  C o u n c i l  o f  T e a c h e r s  o f  
M a th e m a ti c s  S ta n d a r d s . 
 
T h e  f o l l o w i n g  Geometer’s Sketchpad i n v e s ti g a ti o n s  th a t I  h a v e  a d a p te d  a n d  d e v e l o p e d  e x p l o r e  
P i c k ’ s  T h e o r e m  a n d  N a p o l e o n  tr i a n g l e s .  I n  e a c h  a c ti v i ty ,  s tu d e n ts  a r e  n o t g i v e n  th e  th e o r e m  
s ta te m e n ts  o r  p r o p e r ti e s ,  b u t r a th e r  a r e  a s k e d  to  d i s c o v e r  r e l a ti o n s h i p s .  O n c e  s tu d e n ts  
d e te r m i n e  th e  g e o m e tr i c  r e l a ti o n s h i p s ,  th e y  a r e  a s k e d  to  w r i te  a  th e o r e m  s ta te m e n t a n d  
e v e n tu a l l y  p r o v i d e  a  m a th e m a ti c a l  p r o o f . 
 
 
 
I N V E S T I G A T I ON  OF  P I CK ’ S  T H E OR E M  
 
I n  d i s c o v e r i n g  P i c k ’ s  th e o r e m ,  s tu d e n ts  u s e  Geometer’s Sketchpad to  c o n s tr u c t a  p o l y g o n  ( th e y  
f i r s t s e l e c t th e  S h o w  G r i d  o p ti o n  a n d  H i d e  A x e s  o p ti o n  f r o m  th e  G r a p h  M e n u ) .  S e c o n d l y ,  th e y  
c o n s tr u c t th e  p o l y g o n  i n te r i o r  a n d  m e a s u r e  th e  a r e a  o f  th e  p o l y g o n .  N e x t,  s tu d e n ts  c o u n t th e  
n u m b e r  o f  p o i n ts  o f  th e  p o l y g o n  th a t l i e  o n  th e  b o r d e r ,  b ,  a n d  th e  n u m b e r  o f  p o i n ts  o n  th e  i n te r i o r  



of the polygon, i .   T hen s tu d ents  r ec or d  the v a lu es  for  b ,  i,  a nd  A r e a  for  the polygon c ons tr u c ted .  
A n ex a m ple i s  gi v en b elow .  
 
 
 
 
 

 
 
N ex t they c ha nge the s ha pe of the polygon a nd  r ec or d  the new  v a lu es  c or r es pond i ng to thi s  
polygon.   S tu d ents  c onti nu a lly c ha nge the s ha pe of thei r  polygon a nd / or  c ha nge the nu m b er  of 
v er ti c es  of thei r  polygon a nd  r ec or d  the new  entr i es  i n the ta b le u nti l they s ee a  pa tter n.   O nc e a  
pa tter n i s  ob s er v ed , s tu d ents  a r e a s k ed  to w r i te a  w ell-s tr u c tu r ed  s entenc e of thei r  d i s c ov er y.    
 
T he m or e c ha llengi ng pa r t of thi s  i nv es ti ga ti on i s  for  s tu d ents  to pr ov i d e m a them a ti c a l r ea s ons , 
w hi c h s u ppor t P i c k ’ s  T heor em .   U s i ng G e o m e t e r ’ s  S k e t c h p a d  to gu i d e thei r  thi nk i ng, s tu d ents  
i nv es ti ga te w hy thei r  theor em  s ta tem ent i s  v a li d  for  a  tr i a ngle w i th u ni t b a s e a nd  u ni t hei ght.   N ex t 
they tr y to u nd er s ta nd  the theor em  for  d i ffer ent s i z ed  tr i a ngles .   A fter  u nd er s ta nd i ng the theor em  
for  tr i a ngles , s tu d ents  i nv es ti ga te P i c k ’ s  T heor em  u s i ng r ec ta ngles .   F i na lly, they gener a li z e thei r  
m a them a ti c a l r ea s oni ng for  a ny polygon.  
 
 
 
D I S C O V E R I N G  N A P O L E A N I C  T R I A N G L E S  
 
T hi s  a c ti v i ty i s  a ttr i b u ted  to N a poleon B ona pa r te a nd  a d a pted  fr om  a  K ey C u r r i c u lu m  P r es s  
A c ti v i ty.   N a poleon B ona pa r te w a s  a  d i c ta tor  a nd  em per or  of F r a nc e a nd  w a s  a ls o i nter es ted  i n 
m a them a ti c s .  H i s  d i s c ov er y w a s :   I f you  ta k e a ny tr i a ngle a nd  d r a w  eq u i la ter a l tr i a ngles  on the 
s i d es , then c onnec ti ng the i nc enter s  of the thr ee eq u i la ter a l tr i a ngles  for m s  a n eq u i la ter a l tr i a ngle.  
O ther  i nter es ti ng r ela ti ons hi ps  fr om  thi s  c ons tr u c ti on c a n a ls o b e d i s c ov er ed .   S tu d ents  a r e gi v en 
the follow i ng c ons tr u c ti on s teps  a nd  q u es ti ons  to i nv es ti ga te.  
 
C ons tr u c ti on s teps :  

1 .  C ons tr u c t a  tr i a ngle ABC .   C olor  the s i d e lengths  b lu e.  
2 .  C ons tr u c t eq u i la ter a l tr i a ngles  on the s i d es  of the or i gi na l b lu e tr i a ngle.  
3 .  C onnec t the i nc enter s  of thes e tr i a ngles  to for m  tr i a ngle PQR .   C olor  thes e thr ee 

s egm ents  r ed .   T hi s  tr i a ngle i s  r efer r ed  to a s  a  N a poleoni c  tr i a ngle.  
4 .  C onnec t the ou ts i d e v er ti c es  of the eq u i la ter a l tr i a ngles  w i th the oppos i te v er tex  of the 

or i gi na l b lu e tr i a ngle.   C olor  thes e li ne s egm ents  gr een.    
5 .  R eflec t ea c h v er tex  of the r ed  N a poleoni c  tr i a ngle ov er  the c los es t ed ge of the or i gi na l 

b lu e tr i a ngle.   C onnec t thes e thr ee poi nts  to for m  tr i a ngle ''' RQP .    
 
 

 b = 
n u m b e r  o f  
b o u n d a r y  
p o i n t s  

i = 
n u m b e r  o f  
i n t e r i o r  
p o i n t s  

 
P o l y g o n  
A r e a  

P o l y g o n  1  9 1 0  1 3 . 5  
P o l y g o n  2     
P o l y g o n  3     

Area p1 = 13.500 cm2



 
 

Q u e s t i o n s  t o  i n v e s t i g a t e :  
1 .  W h a t  i s  t r u e  a b o u t  t h e  r e d  N a p o l e o n i c  t r i a n g l e ,  PQR ? 
2 .  W h a t  i s  t r u e  a b o u t  t h e  g r e e n  l i n e  s e g m e n t s ? 
3 .  T h e  t h r e e  g r e e n  s e g m e n t s  i n t e r s e c t  a t  a  p o i n t .   H o w  i s  t h i s  p o i n t  r e l a t e d  t o  t h e  o r i g i n a l  

t r i a n g l e ? 
4 .  W h a t  i s  t r u e  a b o u t  t h e  t r i a n g l e  ''' RQP ?   
6 .  H o w  d o e s  t h e  a r e a  o f  t h e  t r i a n g l e  ''' RQP  c o m p a r e  w i t h  t h e  a r e a  o f  t h e  r e d  N a p o l e o n i c  

t r i a n g l e  PQR ? 
 
T h e  c o n s t r u c t i o n ,  t o g e t h e r  w i t h  s o m e  c a l c u l a t i o n s ,  i s  s h o w n  b e l o w .   A f t e r  s t u d e n t s  h a v e  f o l l o w e d  
t h e  c o n s t r u c t i o n s  t h e y  m o v e  t h e  v e r t i c e s  o f  t h e  o r i g i n a l  r e d  t r i a n g l e  PQR  t o  i n v e s t i g a t e  
r e l a t i o n s h i p s  a n d  t o  f o r m  c o n j e c t u r e s .   T h i s  a c t i v i t y  f o r c e s  s t u d e n t s  t o  u n d e r s t a n d  t h e  c o n s t r u c t i o n  
t e c h n i q u e s  f o r  c r e a t i n g  a n  e q u i l a t e r a l  t r i a n g l e  a n d  f i n d i n g  a n  i n c e n t e r .   A d d i t i o n a l l y ,  s t u d e n t s  m u s t  
a p p l y  s e v e r a l  g e o m e t r i c  p r o p e r t i e s  a n d  t h e o r e m s  w h e n  t h e y  v e r i f y  t h e i r  d i s c o v e r i e s .    
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B

C
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G
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Q

R

P'

R'
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AB = 2.30 inches
AC = 3.03 inches
CB = 1.64 inches

m EVB = 60°
m BVH = 60°
m AVE = 60°
m AVG = 60°
m CVG = 60°
m CVH = 60°

RP = 2.24 inches

PQ = 2.24 inches
RQ = 2.24 inches

P'R' = 0.84 inches
P'Q' = 0.84 inches
R'Q' = 0.84 inches

Area ABC = 1.87 inches2

Area PQR = 2.17 inches2

Area P'Q'R' = 0.30 inches2



 
 
 
 
 
 
C O N C L U S I O N  
 
S i n c e  s t u d e n t s  h a v e  n o t  s e e n  e i t h e r  o f  t h e s e  t h e o r e m s  i n  a  p r e v i o u s  c o u r s e ,  I  h a v e  f o u n d  g r e a t  
s u c c e s s  i n  u s i n g  t h e s e  p a r t i c u l a r  a c t i v i t i e s .   S t u d e n t s  a r e  m o r e  w i l l i n g  t o  e x p l o r e  a n d  c o n j e c t u r e  
w h e n  i t  i s  a  “ n e w ”  t h e o r e m .   S t u d e n t s  f i n d  t h a t  t h e  g e o m e t r y  c o u r s e  r e q u i r e s  c r i t i c a l  t h i n k i n g  a n d  
a l l o w s  f o r  c r e a t i v i t y .   T h e y  a l s o  d i s c o v e r  t h a t  t h e y  n e e d  t o  b r i n g  a n  o p e n -m i n d e d ,  e n e r g e t i c  a n d  
p o s i t i v e -t h i n k i n g  a t t i t u d e  t o  c l a s s  w h e n  t h e y  d i s c o v e r  g e o m e t r i c  r e l a t i o n s h i p s  o n  t h e i r  o w n  u s i n g  
Geometer’s Sketchpad a s  a  t o o l .   I  b e l i e v e  t h a t  t h e  u s e  o f  Geometer’s Sketchpad h e l p s  s t u d e n t s  
c h a l l e n g e  t h e i r  e x i s t i n g  n o t i o n  o f  w h a t  m a t h e m a t i c s  i s  a b o u t .  
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