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Abstract

If equilateral trianglesire constructed outwards iowards onthe sides of
any given triangle,then the centroids of thesganglesare the vertices of an
equilateral triangle. In elementary Euclidean geometry this result is known as
Napoleon's Theorem.

Considerthe following generalization of thisonstruction.Let d( -, -)
denote Euclidean distance and suppds#, C' are the vertices of angiven,
positively oriented triangld.et point X be located units from along lineAB
andt units perpendicular to lindB . Assumegt are directed distancegth s
measured positively froml t8 andt positive when measured outwéam
triangle ABC . With the same sign conventions, thepoint Y is located
s-d(B,C)/d(A, B) units from pointB along lin&C andt- d(B,C)/d(A, B)
units perpendicular to linBC' Similarly, point Z is located - d( CA)/d(A, B)
units from pointC along lin€’ A andt- d(C, A)/d(A, B) units perpendicular to
line C'A. In this way the pointX, Y, Z are proportionately positioned relative to
thepointsA, B, C' . Notehat X, Y, Z are the centroids mentioned in Napoleon's
Theorem when = d(A4, B)/2 antl= =+ d(A, B)/(21/3) . Ataere other real
numberss, ¢ for which triangl&Y Z is equilateral? The answer to this question
can be discovered hyostany college geometrgtudent aideavith a computer
algebra system (CAS).

In this paper we adapt théoregoing construction to certain classes of
spherical trianglesand use &CAS to determine various values eft  with the
properties given above.
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In Euclidean geometry Napoleon's theorem states that if equilateral triangles are constructed
outwards or inwards on the sides of any given triangle, then the centroids of these triangles are
the vertices of an equilateral triang® [ ]. Consider the following generalization of this
construction. Suppose ABC' is any given, positively oriented trlangle and let theXpoint  be

locateds units fromd along the IlmaB and units perpendlculAtBo . Assuime are
directed distances with measured positively ftbm Bto tand positive when measured
outward fromAABC' . lfa,b, c are the lengths of the sides opposite vericgs C
respectively, and if the same sign convention is used, then thépoint is located
“«— “«—
S9 == s+ (a/c) units fromB alongBC' andt, :=t- (a/c) units perpendicular 8C . See
«—
Figure 1. Similarly, poinZ is located := s- (b/c) units frath  alahg and
“«—
t3 :==t- (b/c) units perpendicular t6'A . In this way the poiitsy’, Z are proportionately
positioned relative to the points, B,C' .
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Figure 1. Construction oA XY Z .

The pointsX, Y, Z so constructed yield the centroids mentioned in Napoleon's theorem
whens = ¢/2 and = + ¢/ (2\/3) . A natural question is: Are there any other values of

for whichAXY Z is equilateral? RemarkablyAfABC is not equilateral, then no other real
numberss,t maké&\ XY Z equilateral. #ABC is equilateral, theXY Z is equilateral for

1) thank George Kung for suggesting this construction.
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all real numbers, ¢t . These results are not hard to demonstrate by using a computer algebra
system (CAS).

To illustrate, note that properties of similar triangles imply that, without loss of generality,
we can assume=1 . Let be the measurg.bf and coordidatzeC’ A =49, 0) ,
B = (1,0) andC = (b cosy,b si) where> 0 afid< o <7 . Thenthe pdint is
X(s,t) = (s,—t). The poiny” can be obtained by a sum of three vectors, illustrated by
arrows in Figure 2.
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Figure 2. The pointY” as a vector sum.

The unit vector Peff@ — B) := (11 (b sim1—b ceg isanouter normahivBC at side
BC'. Consequently we can write

Y (b, 5,t) = B+ > (C — B) +t, PerdC — B)
= (1 — s+ bscosa + bt simy,t— bt cos+ bs sin)

sincess = as and, = at Similarly, PerpA — C) .= (— sim, cos) is an outer unit normal
to AABC atsideAC s3 = bs , ant} = bt whereby poiit is the vector sum

Z(b,a,s,t)=C+ 7 (A= C)+t;PergfA - C)
= (b(l — s) cosa — bt simy, bt cos + b(1 — s) sia)

Now A XY Z is equilateral if and only if:

{F(b,a,s,t> =X =Y~ x-2]* =0 M

Gb,a,s.t) = |X-Y|* Y - Z|* =0

Solutions of this nonlinear system of equations can be found by using a CAS.
Mathematicq 3], for example, offers = 1/2 antl= + 1/(2\/3) as solutiéns for all

values ob andv . Inspection of the system (1) reveals that these are the only valaes of
that work for all choices f and , i.e. for all trianijeBC withk 1 . It follows from

similar triangles that only = ¢/2  artd= ic/(Q\/?) makeXY Z  equilateral for any

2 Mathematicacode for this and subsequent calculations can be found in the notebook file published electronically atrthis p
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triangleABC' and for these valuesot  the poikits”, Z are the centroids of equilateral
triangles constructed outwards or inwards on the sidés4BC . This agrees with the
conclusion of Napoleon's theorem.

If AABC'is equilateral, then =b=c=1 and=7/3 in the analysis above and
MathematicagivesF'(1,7/3,s,t) = 0 = G(1,7/3, s,t) for all real numberst . this case,
therefore AXY Z is always equilateral.

The Spherical Case

What if AABC' is a spherical triangle? Although a spherical triangle has a centroid where the
medians intersect, in general Napoleon's theorem does not hold on the sphere. However, do
values ofs, ¢ still exist that make XY Z equilateral? How can a CAS be used to investigate
this question? We take a somewhat naive approach and present some preliminary calculations
and results.

AssumeAABC' is a spherical triangle on the unit spfiere  so that its vettifeg
are linearly independent unit vectorsiih . Ve BC be positively oriented, i.e. the matrix
with first row A, second row3 , and third raW  has positive determinant. Suppose
denotes vector cross product®h  and that- ) is the Euclidean inner product with
induced norn| - || . By analogy with the plane case we make the following definitions:

A:=(1,0,0) B :=(cosc, sirc,0) C :=(co$%, sih cas, sin sip

The vertices o0NABC . Assune< a <7, 0<c<m 0<b<m ,and
O<a<m.

X(c,b,a, s,t) = (COSt COS, CO$ Sip, —  SiN
This point has latitude-¢ and longitude .
PolgB, C) == (C x B)/||C « B

Gives a pole of the great circle that contaths @nd

PeriiB, C) = (C — (B,C)B) [|C — (B,C)B|

On the great circle containing bath  afd , this gives the point whose directed
distance fromB towardS 1is/2

FarPtB, C, sy) := ( C0%9)B + ( simy) Pe(B, C)
On the great circle containing bath  afid |, this gives the point whose directed
distance fromB towardS is

Y(e, b, a,s,t) = FarPt( FarR®, C, s»), Pole, C’),tg)

See Figure 3. Since there are no similar triangles on the sphere we cannot assume
c=1. Notethat, = s anth = "t where= arceBs5C)  and
c = arccosA, B) .
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Z(e,b,a, s, 1) = FarPt( FarRC, A, s3), Pole, A),tg)

The construction is similar to that for . Hege="s  an¢ "t  where
b = arccosA,C) .
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Figure 3. Construction of the poirit on the sphere.
In this caseA XY Z is equilateral if and only if:

F(e,b,a,s,t) = (X, Y —Z2)=0
G(e,b,a,s8,t) =Y, X—-2Z)=0

If AABC'is equilateral, them = b =c Q < ¢ < 27/3 , and, by applying spherical
trigonometry | , pp. 198-199], we also know that arEcoécte®)  c|cet
arcco$( cos)/(1+ cos)] . After some manipulatilathematica  indicates that
F(e,c,a,s,t) =0 for all values of, s, . Because of the rotational symmetux dfBC
about its circumcenter, this result appears to show/tbay” 7 Is always equilateral. Further
calculations wittMathematica show that the poidfsY,Z  are equally spaced on a circle
whose center is the circumcenter/ofA BC'

If AABC'is not equilateral, then what happens is not so clear. We give some numerical
results wher = 7/4, b = 7/6, « = w/3 . Figure 4a shows the grapiis ¢f , for
0<s<m/4, —m/2 <t < w/2 and Figure 4b shows that portion of these two surfaces
between the horizontal planes at heigh@isO01 (and . Pairg of thatiinakeG and both
zero appear as intersections of surfaces in Figure 4b. Evidently there are two pairs of  for
which AXY Z is equilateral anllathematica approximates these values to six decimal places
as(s,t) ~ (0.392699- 0.235769 andt) ~ ( 0.392701 0.213332 . The results of letting
—r1<s<mand-n/2 <t < 7/2 are found in Figure 5. Near the center of Figure 5b are
found the solution pairs of Figure 4b, but there are also two other solutions near the top and
bottom of Figure 5b. These additional solution pairs are approximately
(—1.97296— 0.189836 and 2.90049 0.349408 .



Figure 4. Graphs off’,G fob < s < 7/4, —n/2 <t < 7/2 .
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Figure 5. Graphs off',G forr<s<m —7/2<t<7w/2 .
If we take larger ranges fer and , even more solution pairs appear. Could it be that
there are infinitely many distinct paigst  for whiéhXY Z  is equilateral? If so, are there

infinitely many distinct, equilateral trianglé&”Z  ? The interested reader is encouraged to
investigate these conjectures.
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